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Abstract: A model of thermodynamics of a reacting mixture of rarefied gases and a suspension
of condensed species is developed by using statistical physics methods. An NV T ensemble is con-
sidered for determining the detailed equilibrium chemical composition, and the minimum of the free
energy of the mixture of possible species is found numerically. Tabular data for the species are used
for determining the enthalpy and free energy of chemical compounds. An algorithm that allows
the Chapman–Jouguet detonation parameters to be determined for a wide range of combustible
mixtures is developed. The model is tested through comparisons of the predicted and experi-
mental detonation velocities. Good agreement for mixtures with oxygen excess is demonstrated.
For compositions with the formation of a significant amount of condensed carbon, the predicted
and experimental detonation velocities agree reasonably well.

Keywords: carbon condensation in products, heterogeneous reaction products, equation of state
of heterogeneous products, computer programs.

DOI: 10.1134/S0010508221050075

INTRODUCTION

Solving problems of fluid mechanics in explosions
of combustible gases requires an equation of state that
takes into account the formation of an equilibrium
chemical composition of explosion products. As was
noted in [1] and will be demonstrated in the present
paper, the assumption about an equilibrium state in-
side the molecule and chemical equilibrium between the
species provides an adequate quantitative description of
a wide range of problems of combustion, shock waves,
and detonation waves in gases.

The following hierarchy of models can be used to
derive the equation of state for rarefied gases with weak
interaction of molecules in the mixture under study:
(1) construction of thermodynamics of individual
molecules with allowance for internal degrees of free-
dom;
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(2) determination of the equilibrium chemical composi-
tion and construction of the equation of state of the mix-
ture of reacting species;
(3) solution of gas-dynamic problems with allowance for
the real equation of state.

Solving the first problem is a complicated labo-
rious scientific problem of construction and calibra-
tion of the quantum-mechanical model of a molecule
and creation of a thermodynamic database. Several
centers developing independent thermodynamic “ker-
nels” can be identified: multi-volume edition entitled
“Thermodynamic properties of individual substances”
edited by Glushko [1, 2] and its advanced version
IVTANTHERMO [4, 5] in Russia, National Institute of
Standards and Technology (NIST) [6] in the USA, and
database of thermodynamic data and programs (Fact-
Sage) [7], which is a result collaboration of Canada and
Germany.

An effective approach for determining the equilib-
rium chemical composition is the search for the extreme
point of the corresponding thermodynamic potential,
e.g., free energy. In this case, there arises a problem
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of algorithm stability: the equilibrium concentrations
of the mixture species under study may differ by many
orders of magnitude, and it is not always possible to pre-
dict the basic composition. Nevertheless, in this way or
another, this problem will be solved and a stable nu-
merical algorithm that allows comparatively rapid de-
termination of the equilibrium equation of state will be
developed and implemented.

To apply the developed equation of state in solv-
ing gas-dynamic problems, it is necessary to combine
the above-described parts effectively, with the compu-
tation speed, accuracy, and convenience of using the
software system being retained. One of the examples of
successful implementation is the NASA computer pro-
gram [8, 9], which allows one to solve complex problems
of combustion, shock waves, and detonation waves.

A specific complex problem is the allowance of the
formation and extinction of condensed phases of, e.g.,
carbon, water, metals, and their oxides. In contrast to
gases, the formation of the equilibrium chemical com-
position occurs more slowly, and the energy of fine par-
ticles being formed may differ from the data for the
solid material. Nevertheless, correct allowance for the
condense phase energy is an important scientific and
technological problem.

The present paper describes constructing and test-
ing of the model of the equation of state for reacting
gases with possible formation of the condensed phase of
carbon.

1. MODEL OF THERMODYNAMICS
OF REACTING GASES

1.1. Thermodynamics of One Chemical Species

Let us consider the natural logarithm of the sta-
tistical sum ln(Z) for a gas consisting of noninteracting
indiscernible molecules (ideal Boltzmann gas)

ln(Z) = ln
∑
n

exp

(
− En

kT

)
,

where summation is performed over all energy states of
the system En, k is the Boltzmann constant, and T is
the temperature. Using the fact that the particles are
indiscernible, we can replace the sum over all states for a
system of N particles by the sum over the energy states
of one molecule εk:

ln(Z) = ln

{
1

N !

[∑
k

exp

(
− εk

kT

)]N}

or, for a large number N ,

ln(Z) = N ln

[
e

N

∑
k

exp

(
− εk

kT

)]
.

The molecule energy can be written as

εk =
p2x + p2y + p2z

2m
+ ε′k + ε0,

where the first term is the energy of translational mo-
tion (px, py, and pz are the momentum components,
and m is the molecule mass), ε′k are the energies of
the internal degrees of freedom, and ε0 is the energy of
molecule formation from the basic chemical species at
the zero temperature according to the Kelvin scale.

Partly replacing the sum by the integral over the
phase volume, we obtain the expression

ln(Z) = N ln

{
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(
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)
exp

[
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(
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)3/2]

×
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)}
,

where V is the system volume, and � is the Planck con-
stant. We introduce the pressure p0 = 101 325 Pa cor-
responding to the conditions of the standard state of
gases according to [2] and rewrite the expression via
the pressure p:

ln(Z) = N

{
− ε0

kT
+ 1 + ln

[
kT

p0

(
mkT

2π�2

)3/2

×
∑
k

exp

(
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kT

)]
+ ln

(
p0
p

)}
.

Using the approach [2], we replace the term in the mid-
dle by a tabular function depending only on tempera-
ture f(T ):

ln(Z) = N

[
− ε0

kT
+ 1 + f(T ) + ln

(
p0
p

)]
,

or, in the variables (T, V,N),

ln(Z) = N

[
− ε0

kT
+ 1 + f(T ) + ln

(
p0V

NkT

)]
. (1)

The formula for the statistical sum (1) is a key
expression. All other thermodynamic parameters of the
chemical species are expressed via this formula.

Let us now express the free energy F , internal en-
ergy E, and enthalpy H via ln(Z) [10]:

F (T, V,N) = −kT ln(Z),

E(T, V,N) = kT 2

(
∂ ln(Z)

∂T

)
V

,

H(T, V,N) = kT

[(
∂ ln(Z)

∂ ln(V )

)
T

+

(
∂ ln(Z)

∂ ln(T )

)
V

]
,
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or, via the tabular function f(T ):

F (T, V, ν) = ν

[
e0 −RT

(
1 + f(T ) + ln

(
p0V

νRT

))]
,

e(T ) = e0 +RT 2∂f(T )

∂T
−RT,

h(T, p) = e0 +RT 2∂f(T )

∂T

(e and h are the internal energy and enthalpy per one
mole of the substance, and e0 is the energy of forma-
tion of one mole of molecules at the zero temperature
according to the Kelvin scale) for gases and

F (T, V, ν) = ν[e0 −RT (1 + f(T ))],

e(T ) = e0 +RT 2∂f(T )

∂T
− p0μ

ρ0
,

h(T, p) = e0 +RT 2∂f(T )

∂T
+

(p− p0)μ

ρ0

(μ is the molar mass of the species, and ρ0 is its un-
changed density) for condensed species.

As an example, Figs. 1–3 show the internal energy
E and heat capacity cv/R for some species.

A helium atom is a good example of a system with-
out internal degrees of freedom; its heat capacity in a
wide range of temperatures is completely determined
by three translational degrees of freedom and has the
value 3/2R (Fig. 1).

A nitrogen molecule N2 has many internal degrees
of freedom, and the dependence of its heat capacity on
temperature is much more complicated: at T � 500 K,
the main contributions are made by three translational
and two rotational degrees of freedom (cv = 5/2R); at
high temperatures, vibrations become unfreezed (cv =
7/2R); finally, at T > 10 000 K, there arise excited elec-
tron states (Fig. 2).

Using the tabular dependence of the internal en-
ergy on temperature, one can describe the complex de-
pendence of the heat capacity on temperature and the
phase transition of melting for graphite (Fig. 3).

The following references were used for determining
the thermodynamic characteristics of individual species:
for basic, comparatively simple molecules, we used the
multi-volume reference book edited by Glushko [2] sup-
plemented with volumes V and VI [3], including its elec-
tronic version [4, 5]; for long hydrocarbons, we used the
data from [11]. The National Institute of Standards and
Technology (NIST) in the USA [6] is a place where ther-
modynamic data are actively accumulated nowadays.

Despite different standards of thermodynamic data
representation, we managed to use the results from var-
ious references in our computations. The implemented

Fig. 1. Internal energy (a) and heat capacity (b)
versus temperature for one mole of helium atoms.

algorithm allows one to use a single approach for quan-
tification of the thermodynamic characteristics of both
gaseous and condensed species.

1.2. Thermodynamics of a Mixture
with a Frozen Chemical Composition

Let us consider a mixture with a known chemi-
cal composition consisting of νi moles of mixed gaseous
species and a mixture of condensed species. Let us de-
termine the necessary parameters, assuming the equi-
librium states in terms of temperature and pressure be-
tween the species. The mass of the mixture is M =∑

i νiμi, where summation is performed over all species.
The total density is ρ = M/V . The volume occupied by
the gaseous species is Vg = V −∑

i νiμi/ρ0, where sum-
mation is performed over the condensed species. The
total pressure of all gaseous species is p =

∑
i νiRT/Vg,

where summation is performed over all gaseous species.
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Fig. 2. Internal energy (a) and heat capacity (b) ver-
sus temperature for one mole of nitrogen molecules.

We used the above-presented relations to express
the total free energy and the internal energy and en-
thalpy normalized to mass:

F (T, V, ν1 . . . νk) =
∑
i

Fi(T, Vg, νi),

E(T, ν1 . . . νk) =
∑
i

νiei(T )/M,

H(T, p, ν1 . . . νk) =
∑
i

νihi(T, p)/M.

As the basic parameters for setting the state of the
mixture, we choose the chemical composition, density,
and temperature. The algorithm allows numerical de-
termination of pressure, internal energy per unit mass,
and partial derivatives of the basic parameters:

E(T, ρ, ν1 . . . νk), p(T, ρ, ν1 . . . νk), (2)(
∂E

∂T

)
ρ

,

(
∂E

∂ρ

)
T

,

(
∂p

∂T

)
ρ

,

(
∂p

∂ρ

)
T

. (3)

Fig. 3. Internal energy (a) and heat capacity (b)
versus temperature for one mole of graphite.

All other thermodynamic parameters are calculated by
the formulas

cv =

(
∂E

∂T

)
ρ

, (4)
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(
∂E
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)
ρ

+

[
p

ρ2
−
(
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∂ρ

)
T

](
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)
ρ

/(
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)
T

, (5)
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S

=

[(
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)
T

cp
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]1/2
, (6)

γ =

(
∂p

∂ρ

)
S

ρ

p
=

(
∂p

∂ρ

)
T

cp
cv

ρ

p
, (7)

where cv and cp are the heat capacities per unit mass at
constant volume and pressure, respectively, csound is the
velocity of sound, and γ is the ratio of specific heats.
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Fig. 4. Example of the calculation of the equilib-
rium chemical composition of the 2H + O mixture
(water) at temperatures of 300 (a) and 3000 K (b)
(the density is 1.0 kg/m3).

1.3. Thermodynamics of a Reacting Mixture

To describe the algorithm of searching for the equi-
librium chemical composition, we consider a system
with the following possible reactions: one forward re-
action of dissociation of the nitrogen molecule N2 into
two nitrogen atoms N (N2 → 2N) and one backward re-
action of synthesis of the N2 molecule from two N atoms
(2N → N2).

At a fixed temperature, volume, and total number
of moles of nitrogen atoms ν0, the thermodynamic equi-
librium state corresponding to the minimum of the free
energy of the mixture:

F (T, V, νN2 , νN)

= FN2(T, V, νN2) + FN(T, V, νN) = min,

νN + 2νN2 = ν0.

For searching for the minimum of the potential, we
used a numerical algorithm of iterative improvement of

Fig. 5. Pressure of saturated vapors of carbon versus
temperature.

the chemical composition. From the balance condition
of the number of species, we chose the initial chemical
composition (number of moles νN2 and νN): this com-
position was either arbitrary or chosen on the basis of a
good initial approximation from previous computations.
Based on the chosen composition, we calculated the cur-
rent value of F0. The composition was varied along the
forward reaction ν′N2

= νN2 − δ, ν′N = νN + 2δ, where
δ is the reduction of the number of moles N2. A test
value F ′ = F (N ′

N2
, N ′

N) was calculated for the changed
composition; if this value was smaller than the current
value, the test composition was accepted as the cur-
rent composition, and the composition was again var-
ied along the forward reaction. In the opposite case,
the composition was varied along the backward reac-
tion: ν′N2

= νN2 + δ and ν′N = νN − 2δ. A test value
F ′ = F (ν′N2

, ν′N) was calculated for the changed com-
position; if it was smaller than the current value, the
test composition was accepted as the current composi-
tion, and the composition was again varied along the
backward reaction. If neither the forward reaction nor
the backward reaction reduced the potential value, the
step δ was reduced, and the procedure was repeated.

Thus, an approximate solution was available at any
stage of the algorithm, and this solution was then im-
proved to desired accuracy. The characteristic normal-
ized accuracy of composition calculation was 10−6. This
is fairly sufficient for stable operation of the entire al-
gorithm of computing the thermodynamic parameters
and for determining the gas-dynamic characteristics of
the modeled flow.

The above-described algorithm ensures stable op-
eration with gaseous and condensed phases in a wide
range of temperatures and allows the formation and
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deletion of condensed species in a unified manner. Fig-
ure 4 shows the equilibrium chemical compositions of
the 2H + O mixture (water) at temperatures of 300
and 3000 K.

Using a similar algorithm, we considered the “reac-
tion” of the formation of equilibrium phases of vapors
and condensed species. For example, the mixture con-
tains condensed carbon Ccond and gaseous carbon Cgas.
They can exchange atoms, which can be presented as
the reaction 1Ccond ↔ 1Cgas. Minimizing the free en-
ergy of the mixture, we can find the equilibrium rela-
tionship between the phases (Fig. 5).

For determining the necessary thermodynamic pa-
rameters, we used Eqs. (2)–(7), but the chemical com-
position was assumed to be equilibrium.

Two models with allowance for the condensed
phase of carbon were tested in the computations: Cc

(formation of the equilibrium condensed phase of car-
bon is possible) and Cg (formation of condensed carbon
is forbidden). It is seen from Fig. 5 that the pressure
of saturated vapors is small in the entire range of tem-
peratures typical for detonation of combustible gases.
Carbon vapors are thermodynamically non-beneficial;
as is shown below, the ban of condensed phase formation
does not lead to a significant increase in the gaseous car-
bon fraction. The excess of gaseous carbon becomes ag-
gregated with hydrogen, forming simple hydrocarbons
(CH4 and C2H2).

In Fig. 5 and further on, the gaseous carbon con-
centration is assumed to be the total concentration of
carbon polymers: C, C2, C3, C4, and C5.

2. DETONATION FLOW PARAMETERS

2.1. Construction of the Shock Adiabat

For shock adiabat construction, the following non-
linear Hugoniot equation was solved numerically:

E2 − E1 − p2 + p1
2

(
1

ρ1
− 1

ρ2

)
= 0.

For specified initial parameters of the mixture (E1, p1,
and ρ1), the wave intensity was fixed by setting the tem-
perature T2. Only one unknown parameter was left in
the Hugoniot equation (ρ2), which was found numeri-
cally [12].

Examples of the shock adiabats for the frozen (pfr)
and equilibrium (peq) compositions of the 2H2 + O2

mixture in the pressure–specific volume coordinates are
presented in Fig. 6a.

Fig. 6. Example of the computations of the frozen
and reacting shock adiabats of the 2H2 + O2 mix-
ture under the initial conditions T0 = 300 K and
p0 = 105 Pa. Pressure (a) and velocity (b) as func-
tions of the specific volume.

2.2. Construction of the Detonation Adiabat

For determining the Chapman–Jouguet detonation
parameters, we constructed the shock adiabat for the
reacting mixture of combustible gases and found a point
with the condition D = u+c, where D is the wave front
velocity, u is the mass velocity of the substance behind
the front, and c is the equilibrium velocity of sound.

An example of the corresponding adiabats for the
2H2 + O2 mixture in the front velocity–specific vol-
ume coordinates is shown in Fig. 6b. It is seen that
an arbitrary criterion can be used for determining the
Chapman–Jouguet point on the shock adiabat: the
point of touching of the Michelson straight line and the
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Fig. 7. Parameters of the Chapman–Jouguet deto-
nation of the H2-based mixture: (a) wave velocity
and temperature; (b) chemical composition.

detonation adiabat, the minimum velocity of the wave
front D, and the condition D = u + c. For simplicity
of numerical algorithm implementation, the latter crite-
rion was used in the present study for determining the
detonation parameters.

2.3. Comparisons with Experiments

For the tested models, the computed detonation ve-
locities of the mixtures of α moles of the fuel and 1− α
moles of the oxidizer (O2) were compared with experi-
mental data. The initial conditions for all compositions
were the mixture temperature equal to 298.15 K and
the pressure of 105 Pa.

In all figures, the curves show the data predicted by
the models Cc (with possible formation of equilibrium
vapors of carbon and condensed phase) and Cg (with
forbidden formation of condensed carbon); the points
are the experimental data.

Fig. 8. Detonation velocity for the CH4-based mixture.

Fig. 9. Chapman–Jouguet detonation velocity for
the C2H2-based mixture: points 1–3 show the results
for the mixture with oxygen, and curves 4 and 5
represent the data for the mixture with air.

Mixtures on the basis of H2 (hydrogen) (Fig. 7).
The computed velocities of the detonation wave agree
well with the experimental measurements in a wide
range of fuel concentrations, except for the flammabil-
ity limits. Mixtures on the basis of CH4 (methane)
(Fig. 8). The computed velocities of the detonation
wave agree well with the experimental measurements
in a wide range of fuel concentrations, except for the
flammability limits. In the domain of existence of det-
onation regimes, the equilibrium vapors of carbon and
the condensed phase are not formed.

Mixtures based on C2H2 (acetylene) (Fig. 9).
If the fuel fraction in the mixture is greater than 0.5,
a significant amount of condensed carbon is released
(Fig. 10a). In the case with forbidden formation of the
condensed phase, carbon vapors are thermodynamically
non-beneficial. The reaction products consist of the ini-
tial acetylene (Fig. 10b).
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Fig. 10. Chemical composition at the Chapman–Jouguet point for the C2H2-based mixture:
(a) Cc model; (b) Cg model.

Fig. 11. Detonation velocity for the C2H2-based mixture.

Acetylene stably detonates if there is a significant
lack of oxygen. For C2H2-based mixtures, comprehen-
sive testing of the models with allowed and forbidden
formation of equilibrium condensed carbon can be per-
formed. Both models do not provide complete coinci-
dence with the experiments and only identify the limits
of the detonation parameters. The model with forbid-
den formation of condensed carbon ensures a slightly
better description of the experimental data.

The development of a more comprehensive model
that takes into account partial condensation of carbon
would improve the description of the experimental data
for acetylene, but it seems to be a premature event. In
fact, only acetylene-based mixtures detonate under the
conditions of formation of a significant amount of con-
densed carbon. For other combustible gases, the con-

centration limits of detonation do not allow one to study
active formation of condensed carbon.

Mixtures based on C2H4 (ethylene) (Fig. 11).
If the fuel fraction in the mixture is greater than 0.5,
a significant amount of condensed carbon is released.
In the case with forbidden formation of the condensed
phase, carbon vapors are thermodynamically non-
beneficial. Large amounts of acetylene and methane are
formed in the reaction products. The model with forbid-
den formation of condensed carbon provides a slightly
better description of the detonation velocity as a func-
tion of the fuel fraction in the initial mixture.

Mixtures based on C3H6 (propylene) (Fig. 12).
If the fuel fraction in the mixture is greater than 0.4,
a significant amount of condensed carbon is released.
In the case with forbidden formation of the condensed
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Fig. 12. Detonation velocity for the C3H6-based mixture.

phase, carbon vapors are thermodynamically non-
beneficial. Large amounts of acetylene and methane are
formed in the reaction products. The model with forbid-
den formation of condensed carbon provides a slightly
better description of the detonation velocity as a func-
tion of the fuel fraction in the initial mixture.

Mixtures based on C3H8 (propane) (Fig. 13).
The fraction of condensed carbon in the detonation
products in the domain within the concentration lim-
its is small. Preference cannot be given to any
of the models.

Mixtures based on C4H10 (n-butane) (Fig. 14).
The fraction of condensed carbon in the detonation
products in the domain within the concentration lim-
its is small. Preference cannot be given to any
of the models.

Mixtures based on C5H12 (pentane) (Fig. 15).
The fraction of condensed carbon in the detonation
products in the domain within the concentration lim-
its is small. Preference cannot be given to any
of the models.

Mixtures based on C2N2 (dicyan) (Fig. 16). There
is no hydrogen in the composition. For this reason,
record-beating detonation temperatures are reached (up
to 6000 K), and there are no chemical compounds capa-
ble of binding gaseous carbon. Even under these con-
ditions, the fraction of gaseous carbon is not high (less
than 5% of all carbon in the mixture).

By virtue of the above-noted specific features, the
detonation characteristics of dicyan-based combustible
mixtures would probably be able to clarify the mecha-
nism of carbon condensation in the explosion products.
Unfortunately, because of incomplete coincidence of the
models and experiments, we cannot give preference to
any of the models.

3. BASIC RESULTS

A model of the equation of state for a reacting mix-
ture of rarefied gases and a gas suspension of condensed
species was developed by using methods of statistical
physics. An NV T ensemble was considered for deter-
mining the detailed equilibrium chemical composition,
and the minimum of the free energy for all possible
species was found numerically. Knowing the chemical
composition, one can calculate the pressure from the
equation of state for an ideal gas and internal energy
from the tabular dependence depending only on tem-
perature.

Based on the algorithm described above, a software
system was developed in the form of a library written
in the C++ language and utilities with a web inter-
face (http://ancient.hydro.nsc.ru/chem), which allows
on-line computations of the thermodynamic parameters
of reacting gases and a number of simple gas-dynamic
flows, including detonation waves.

The software system has the following capabilities.
•Computation of the equilibrium chemical compo-

sition of the mixture of gases based on He, Ne, Ar, Kr,
Xe, H, C, N, O, Al, Si, S, and Fe elements in a wide
range of temperatures (for some species, in the interval
from 200 to 20 000 K).

•Computation of a number of the thermodynamic
parameters for specified temperature and density of the
mixture: equilibrium chemical composition, pressure,
enthalpy, internal energy, heat capacity, and equilib-
rium and frozen ratios of specific heats.

•Solution of the Hugoniot equation and construc-
tion of equilibrium and frozen shock adiabats.

•Determination of the thermodynamic parameters
of combustion at v = const.
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Fig. 13. Detonation velocity for the C3H8-based mixture.

Fig. 14. Detonation velocity for the C4H10-based mixture.

Fig. 15. Detonation velocity for the C5H12-based mixture.
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Fig. 16. Parameters of the Chapman–Jouguet detonation in the C2N2-based mixture: (a) wave velocity; (b) tem-
perature; (c and d) chemical composition calculated by the Cc model (c) and Cg model (d).

•Determination of the parameters of steady deto-
nation waves.

•Allowance for the possibility of formation of con-
densed phases of C, H2O, S, SiO2, Si, Fe, FeO, Fe2O3,
Fe3O4, FeS, FeS2, Al, and Al2O3.

The algorithm was tested through comparisons of
the computed and experimental detonation velocities
for a wide range of fuel–oxygen mixtures (H2, CH4,
C2H2, C2H4, C3H6, C4H10, C5H12, and C2N2). Good
agreement is obtained in the case of oxygen excess and
in the absence of condensed carbon in the explosion
products.

For the majority of hydrocarbon fuels, the concen-
tration limits do not allow considering steady detona-
tion regimes with release of a significant amount of con-
densed carbon. An exception was acetylene-based mix-
tures with stable detonation in the case with a lack of

oxygen, for which none of the models provides an ade-
quate description of the experimental data. A combined
model with allowance for partial formation of the con-
densed carbon phase and additional experimental data
will be needed to improve the description.

Available experimental data are more accurately
described by the model with forbidden formation of con-
densed carbon.
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