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We study the flows arising in a liquid droplet placed on a heated solid surface. The flow arises due to simultaneous
action of a nonuniform evaporation at the droplet surface and the Marangoni effect. Calculations are carried out with
the lattice Boltzmann method taking into account the conductive and convective heat fluxes, the evaporation and
the condensation, and the temperature dependence of the surface tension. We obtain the pictures of vortical liquid
flow inside a droplet. We find that the contact angle can change due to the forces which arise during evaporation or
condensation near the contact line. The influence of the droplet shape (which depends on the contact angle) on the
possibility of the arising of vortical flows inside the droplet is shown.
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1. INTRODUCTION

Modern microfluidic and microelectronic devices require effective cooling of hot surfaces for their normal operation.
Single-phase coolants achieved their limit of the heat flux, and now, cooling systems with the phase change are used,
such as heat pipes. These devices are based on the heat absorption during the evaporation of liquid at the hot surfaces.
One of the methods for cooling is the creation of thin films or many droplets of evaporating liquid placed onto a solid
surface (Potash and Wayner, 1972; Wayner, 1989).

The heat flux from the surface increases significantly near the three-phase contact line that was measured in
experiments (Ajaev and Kabov, 2017; Cheverda et al., 2017; Gibbons et al., 2016; Marchuk et al., 2015). This ef-
fect is important in the spray and film cooling of heated surfaces. Evaporation of a droplet placed onto a hot solid
surface produces flows of liquid inside the droplet. These flows are caused by several reasons: the action of grav-
ity, the nonuniform surface evaporation, and the Marangoni effect. In presence of heat fluxes from solid surface, the
Marangoni effect becomes decisive for small droplets. The thermocapillary convection and heat fluxes inside droplets
placed on a heated solid surface were investigated both experimentally and numerically (Albernaz et al., 2013; Al-
hendal and Touzani, 2023; Bartashevich et al., 2012; Chen et al., 2020; Deegan et al., 1997; Edwards et al., 2018;
Gelderblom et al., 2022; Sui and Spelt, 2015). In calculations, however, the shape of a droplet was often assumed
fixed.

In many problems with droplets, films or bubbles at a solid surface, the wetting of a surface plays an important
role (de Gennes, 1985; de Gennes et al., 2004; Lalanne et al., 2021; Li et al., 2015; Moiseev et al., 2020); short review
can be found in the work (Medvedev and Kupershtokh, 2022). The wetting determines the value of contact angles, and
it depends on the properties both of the liquid and the surface. In the absence of other forces (electric, gas-dynamic,
etc.) the value of the contact angle corresponds to the classic Young’s law (Makkonen, 2016; Young, 1805). However,
the intensive evaporation near the contact line creates forces along the solid surface and can influence on the value of
the contact angle. This effect can be important, but it is practically not investigated.

Numerical simulation of the heat exchange processes near the contact line and the fluid flows in the evaporating
or condensing droplets at a heated or cooled solid surface is a complicated task because of the presence of moving
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NOMENCLATURE

A free parameter in the forcing scheme
a parameter in the van der Waals equation
B wettability parameter
b parameter in the van der Waals equation
Bo Bond number
Bo0 initial value of Bond number
ck velocities of pseudoparticles
CV specific heat
E internal energy of a unit volume
Eideal internal energy for ideal gas
Emol internal energy of one mole
ek lattice vectors
F force acting on fluid
fk distribution functions for lattice Boltzmann

method
feq

k equilibrium distribution functions
Gk weight coefficients
g gravity acceleration
gk distribution functions for internal energy
geq

k equilibrium distribution functions for
internal energy

H height of calculation region
h height of droplet
L width of calculation region
P fluid pressure
Q latent heat of evaporation

q heat flux
R gas constant
R0 initial droplet radius
T fluid temperature
U pseudopotential
u fluid velocity
V volume
wj weight coefficients for boundary conditions
wk weights in the equilibrium distribution

functions

Greek Symbols
α weight coefficient
γ contact angle
ε specific internal energy
λ heat conductivity
ρ fluid density
τ relaxation time
τE relaxation time for internal energy
Φ function for force calculation
Ωk collision operator

Subscripts
L liquid
V vapor
x, y spatial directions

phase boundaries at which the mass and energy fluxes should be adjusted correctly. Moreover, phase boundaries can
appear, disappear and change their topology during the simulation. That requires engaging new computation methods.
Recently, the lattice Boltzmann method (LBM) is more and more widely used to simulate flows of viscous liquids
with phase transition between liquid and vapor. In this method, both phases are described uniformly, and the phase
boundary is diffuse. The frequently used approach is based on the pseudopotential (Qian and Chen, 1997; see also
Section 3). To simulate the convective and conductive heat transport, either finite-difference method (Li and Luo,
2014; Zhang and Chen, 2003) or the method of additional lattice Boltzmann component (Kupershtokh et al., 2014)
are used.

In this work, we investigate numerically the behavior of a droplet placed at the solid surface using LBM with
account for phase transition between liquid and vapor, convective and conductive heat transport, and action and
temperature dependence of the surface tension. The surface is heated or cooled, which leads to either evaporation of
liquid or condensation of vapor at the droplet surface. We obtain the liquid flow and the heat flux inside the droplet.
Most of the numerical experiments are carried out for a neutrally wetting surface, and we observe the change of the
value of contact angle comparing to the static one in cases of heated and cooled surface. We also make simulation
with a wetting surface in order to elucidate the influence of wetting on the flows inside a droplet.

The structure of the paper is as follows. In Section 2, the lattice Boltzmann method is described briefly. In
Section 3, the scheme to simulate phase transfer is presented. In Section 4, we describe how the heat transport is
simulated. Section 5 is devoted to taking into account the latent heat of evaporation for the van der Waals equation of
state. In Section 6, we discuss setting the initial and boundary conditions. Section 7 presents the simulation results.
Some concluding remarks are given in Section 8.
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2. LATTICE BOLTZMANN METHOD

LBM was firstly introduced in McNamara and Zanetti (1988). It is the solution of the discretized in space and time
kinetic Boltzmann equation with a fixed finite set of pseudoparticle velocities determined by the lattice used (lattice
vectorsek = ck∆t, k = 0 . . . m, ∆t is the time step). The fluid is described by a set of one-particle distribution
functionsfk. Their evolution equation for a time step∆t is given by

fk(x + ck∆t, t + ∆t) = fk(x, t) + Ωk{fk}+ ∆fk. (1)

Hydrodynamic variables (densityρ and mass velocityu) are calculated as

ρ =
∑m

k=0
fk and ρu =

∑m

k=1
ckfk. (2)

The simplest form of the collision operator is the relaxation to the local equilibrium with a single relaxation time
(Bhatnagar–Gross–Krook model, BGK) (Bhatnagar et al., 1954; Qian et al., 1992):

Ωk{fk} = (feq
k (ρ,u)− fk(x, t))/τ. (3)

Nondimensional relaxation timeτ determines the kinematic viscosity of a fluidν = (τ − 0.5)θ∆t. Here,θ is
the normalized kinetic temperature of pseudoparticles, which is usually taken equal toθ = (∆x/∆t)2/3, where∆x
is the lattice spacing. Equilibrium distribution functions are written in the form (Koelman, 1991)

feq
k (ρ,u) = ρwk

(
1 +

cku
θ

+
(cku)2

2θ2
− u2

2θ

)
. (4)

Two-dimensional variant D2Q9 with nine pseudoparticle velocity vectors on a square lattice (m = 8) is used in
calculations. Weight coefficientsw0, w1−4, andw5−8 in this case are equal to 4/9, 1/9, and 1/36, correspondingly.

The exact difference method (EDM) (Kupershtokh, 2004, 2010) is used to take into account the change of distri-
bution functions∆fk under the action of internal and external body forces

∆fk = feq
k (ρ,u + ∆u)− feq

k (ρ,u). (5)

Here, the velocity change∆u in one time step is determined by the total forceF, acting on the fluid at a node,
∆u = F∆t/ρ. The physical velocityu∗ should be taken at the half-step according to the formula (Ginzburg and
Adler, 1994)

ρu∗ =
∑m

k=1
ckfk + F∆t/2. (6)

3. COMPUTER SIMULATION OF PHASE TRANSITIONS

LBM is an interface-capturing method. Instead of a density discontinuity, a thin transition layer liquid—vapor is
simulated where the density varies continuously (the diffuse interface method). Liquid and gas phases are described
uniformly. In order to achieve phase separation, forces are introduced acting on the fluid at a node from neighbor
nodes (pseudopotential method) (Qian and Chen, 1997). The total force acting in a node has the form

F = −∇U, (7)

where pseudopotentialU = P (ρ, T ) − ρθ is expressed through the equation of state. These forces also provide the
surface tension at the phase boundary.

The special hybrid isotropic approximation of the pseudopotential gradient proposed in Kupershtokh (2005) and
Kupershtokh et al. (2009) is used:

F(x) =
1

α∆x

[
A

b∑

k=1

GkΦ2(x + ek) ek + (1− 2A)Φ(x)
b∑

k=1

GkΦ(x + ek) ek

]
. (8)
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Here, the functionΦ(x) =
√−U is expressed through the equation of state for the fluid

Φ(x) =
√

ρθ− P (ρ, T ). (9)

For the model D2Q9, the value ofα is equal to 3/2.

4. HEAT TRANSPORT

The passive scalar method (Kupershtokh et al., 2014, 2018) is used to simulate the convective heat flux. Here, an
additional set of distribution functionsgk is introduced with the evolution equation

gk(x + ck∆t, t + ∆t) = gk(x, t) +
geq

k (ρ,u(x, t))− gk(x, t)
τE

+ ∆gk(x, t). (10)

Here,τE is the nondimensional relaxation time. The internal energy of a unit volume is calculated as

E =
∑m

k=0
gk. (11)

Equilibrium distribution functionsgeq
k (E,u) are similar to those given by Eq. (4). The work of pressure is equal to

−Pdiv u. The conductive heat flux is determined by the Fourier lawq = −λ∇T , whereλ is the thermal conductivity.
The change of the internal energy due to the work of pressure and the conductive heat flux is equal to

dE

dt
= −Pdiv u∗ − div q. (12)

It is calculated using usual finite-difference method.
Corresponding changes in the distribution functions per time step are equal to

∆g
(1)
k (x, t) = gk(x, t)

1
E

dE

dt
∆t. (13)

In order to prevent the parasitic spread of the internal energy at phase boundaries, special “pseudoforces” for the
energy scalar are introduced (Kupershtokh et al., 2014, 2018) similar to Eq. (5)

∆g
(2)
k (x, t) = geq

k (E,u + ∆u)− geq
k (E,u). (14)

The total change of distribution functions in Eq. (8) is equal to∆gk = ∆g
(1)
k + ∆g

(2)
k .

There is a diffusion of internal energy in LBM related to the relaxation timeτE . Hence, the effective diffusion
coefficient is the sumλeff = λ + ρCV (τE − 0.5)θ∆t. Here,CV is the specific heat at constant volume of the fluid.
ForτE → 0.5 the second term can be neglected.

This scheme was validated in Kupershtokh et al. (2023) for the case of a uniform fluid flow between two surfaces
with fixed temperatures. In this case, the analytical solution exists. The temperatures of left and right surfaces areT0

andTL = T0 − ∆T . The flow velocityu, the specific heatCV , the fluid densityρ, and the heat conductivityλ are
constant. The solution for the coordinate dependence of the fluid temperature is

T (x) = T0 −∆T
exp(ρCV ux/λ)− 1
exp(ρCV uL/λ)− 1

. (15)

Here,L is the distance between surfaces. The Péclet number is Pe= ρCV uL/λ. Results of the calculations are
in very good agreement with theoretical ones both in the case of small and large Péclet number.
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5. LATENT HEAT OF PHASE TRANSITION FOR VAN DER WAALS EQUATION OF STATE

Internal energy of one mole of fluid is expressed by the formulaEmol = Eideal− a/V for the van der Waals equation
of state

P =
RT

V − b
− a

V 2
. (16)

For a unit mass this givesε = CV T − aρ (specific internal energy). The latent heat of phase transitionQ is the
change of internal energy of the fluid in the process of density decrease from the density of liquidρL to the one of
vaporρV at constant temperature. From the expression for internal energy, one obtains

Q = εV − εL = −a(ρV − ρL). (17)

Here,ρL andρV are the equilibrium density of liquid and vapor. The temperature dependence of the latent
heatQ(T ) is taken into account implicitly through the temperature dependence ofρL andρV . The evaporation heat
decreases to zero as the temperature approaches the critical value.

Thus, we obtain for the change of the internal energy in a cell of the transition layer liquid–vapor due to the phase
transition

dE

dt
=

ρLQ(T )
ρL − ρV

dρ

dt
. (18)

It is assumed that the latent heat of phase transitionQ is released or absorbed in the range of density[ρV , ρL].
Then, taken into account Eq. (17), one obtains

dE

dt
= aρL

dρ

dt
= −aρL ρ div(u∗). (19)

6. INITIAL AND BOUNDARY CONDITIONS

The calculations are performed in a two-dimensional regionL × H (Fig. 1). Initially, the temperature is constant
T0 = 0.7, and the velocityu is equal to zero everywhere (here and below, the temperature is nondimensionlized by
the critical valueTcr). Then the temperature of the lower substrate is increased to the valueT (x, 0) = T0 + ∆T , and
the temperature at the upper boundary is decreased toT (x,H) < T0. In the case of the absence of vertical walls,
the periodic boundary conditions for distribution functions and temperature along thex coordinate can be used:
fk(L, y) = fk(0, y), gk(L, y) = gk(0, y), andT (L, y) = T (0, y). No-flow and no-slip boundary conditions are used
at solid walls, which is simulated in the LBM by the “bounce-back” rule for distribution functions. For the internal
energy, equilibrium values are used corresponding to the surface temperature and to the density in the nearest liquid
node.

FIG. 1: Droplet of hemispherical shape on the neutrally wetted surface (γ = 90◦) before the switch-on of heating. Initial droplet
radius isR0 = 0.375H. Grid size 200× 200,t = 0.
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For simulating the surface wetting in the LBM, the approaches are commonly used where interaction forces are
introduced between the liquid or vapor in a node andn-nearest solid nodes. The method of simple attraction forces
(Benzi et al., 2006; Kupershtokh and Medvedev, 2024) has the form

F(x) = Φ(x)
∑n

j=1
w(ej)BΦsolid(x + ej) · ej . (20)

The values ofΦsolid in the boundary nodes are set equal to the values ofΦ(x) in the neighbor liquid nodes. The
parameterB (the adhesion parameter) determines the surface wetting and the contact angle. The value ofB = 1
corresponds to the neutral wetting (contact angleγ0 = 90◦, Fig. 1). Larger values ofB produce smaller contact
angles, and vice versa. In the absence of other forces (electric, gas-dynamic, etc.) the value of the contact angle
corresponds to the classic Young’s law (Makkonen, 2016; Young, 1805).

7. DROPLETS ON A SOLID SURFACE: SIMULATION RESULTS

We simulate a droplet on the solid surface without the gravity field. Wettability of the surface is set such that without
heat fluxes it is neutral (B = 1). For calculations presented in Figs. 2–8, the surface temperature is set equal to
T (x, 0) = 0.75, and the temperature of the upper boundary decreases toT (x, H) = 0.6. The pictures are obtained
of flows inside the droplet placed on the heated surface. These flows are produced by the action of a nonuniform
evaporation at the droplet surface, and the Marangoni effect.

FIG. 2: Droplet shape after the switch-on of heating. Grid sizes 200× 200 (a) and 400× 400 (b),t = 25,000.

FIG. 3: Relative droplet heighth/H vs. time for the calculations on grids 200× 200 (curve1) and 400× 400 (curve2)
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FIG. 4: Distribution of the horizontalux (a) and verticaluy (b) fluid velocity for the evaporating droplet. Grid size 200× 200,
t = 25,000.

FIG. 5: (a) Vertical component of the heat fluxqy for the evaporating droplet (grid size 200× 200,t = 25,000). (b) Heat flux vs.
coordinatey along the droplet axis. Grid sizes 200× 200 (curve1) and 400× 400 (curve2), t = 180,000.

FIG. 6: Distribution of the fluid mass fluxes: horizontaljx = ρux (a) and verticaljy = ρuy (b). Grid size 200× 200,t = 25,000.

In order to validate the LBM method, the calculations are carried out on the grids 200× 200 [Fig. 2(a)] and 400
× 400 [Fig. 2(b)]. Calculation parameters are adjusted to provide the same initial values of the dimensionless Bond
number Bo0 = ρLgR2

0/σ, which indicates the importance of gravitational forces compared to surface tension forces.
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FIG. 7: Distribution of the horizontaljx (a) and verticaljy mass flux (b) inside the droplet on a wetting surface. Grid size 200×
200,t = 15,000.

FIG. 8: (a) Time dependence of the relative droplet heighth/H for different values of the gravity field, corresponding to the initial
values of the Bond number Bo0 = 0.04 (curve1) and 2.0 (curve2). (b) Time dependence of the Bond number for different values
of the gravity field.

Here,g is the gravity acceleration andσ is the coefficient of surface tension. In both simulations, the initial values are
equal to Bo0 = 0.04. Hence, the shape of the droplets is the same in both cases. Note that the contact angle observed
for evaporating droplet (Fig. 2) is greater than the value of static angle, despite the fact that it is essentially a receding
contact angle. Hence, this effect cannot be explained by the well-known contact angle hysteresis (Eral et al., 2013).

Moreover, the comparison of the relative droplet heighth/H in these calculations shows very good agreement
(Fig. 3). Here,h is the current height of the droplet. The values of nondimensional time are presented for the variant
with the grid 200× 200. For the grid 400× 400, the time step is twice smaller; hence, the same time value means
the doubled number of iterations.

The intense evaporation of liquid near the contact line leads to some increase in the contact angle (see Figs. 1
and 2). Two factors determine this increase: the evaporation from the phase boundary itself, and the mechanical
reaction forces similar to the Leidenfrost effect (Ajaev and Kabov, 2021; Kabov et al., 2016; Leidenfrost, 1966).

Figure 4 presents the distribution of fluid velocity at the 2D simulations of the evaporation of a droplet placed
on the horizontal surface with neutral wetting. In all figures, the positively directed velocity is shown by red, and
negatively directed one by blue. An intense evaporation of liquid is observed near the contact line [Fig. 4(a)]. A
condensation of vapor occurs at the colder upper boundary.

The vertical component of the heat flux is shown in Fig. 5. The energy flux consists of the conductive part and the
convective part associated with the mass flux. The conductive fluxqy = −λ ∂T/∂y prevails in the thin layer inside
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the droplet near the lower boundary. In the central part of the droplet, the heat flux is directed downwards with the
corresponding fluid flow [Figs. 5(b) and 6]. In the liquid film adjacent to the upper boundary, the heat flux is higher
than the one in gas due to the energy release at the phase boundary due to the condensation of vapor.

The surface tension changes with height along the droplet boundary. In this case, it is lower near the heated
boundary. Thus, toroidal axisymmetric vortices are produced in the droplet placed on the heated surface by the
Marangoni surface forces (Fig. 6). The flow in these vortices is directed downwards near the axis of the droplet, and
upwards near its surface.

The influence of the droplet shape is shown on the possibility of vortical flows inside the droplet. The shape
depends on the surface wetting. When the wettability of the heated surface increases (contact angleγ0 = 75◦), the
vortical structures inside the droplet may not arise (Fig. 7), because the shape of the droplet with the same volume
becomes flatter comparing with the case of neutral wettability (γ0 = 90◦, Fig. 6).

The influence of the gravity field on the droplet behavior is shown in Fig. 8. Curves1 and2 correspond to initial
values of the Bond number Bo0 = 0.04and 2.0. When the initial value of Bond number is large enough, the height of
the droplet begins to decrease at the initial stage [Fig. 8(a), curve2], and the droplet becomes flatter. For small initial
value of Bond number, the height of the dropleth begins to increase at the initial stage [Fig. 8(a), curve1] due to
the increase in the contact angle, as it was demonstrated above. It is possible to introduce the current Bond number
Bo = ρLgh2/σ for the droplet shape close to the hemispherical one. The current Bond number decreases when the
droplet evaporates [Fig. 8(b)].

If, on the contrary, the lower boundary is cooled down toT (x, 0) = 0.65, and the temperature of the upper
boundary isT (x,H) = 0.75, the surface tension increases when approaching the colder surface. In this case, the
direction of flows inside the droplet is the opposite to the previous case in accordance with the Marangoni effect.
Hence, the toroidal axisymmetric vortices appear (Fig. 9), where the flow is directed upwards near the axis of the
droplet, and downwards near its surface. The condensation of vapor proceeds in the vicinity of the contact line. This
leads to some decrease in the contact angle relative to the equilibrium neutral one.

8. CONCLUSIONS

We use the lattice Boltzmann method to study the flows arising in a liquid droplet placed on a solid surface for
small and moderate values of the Bond number. Phase transition between liquid and vapor, convective and conductive
heat transport, and surface tension are taken into account. The flows are caused by the Marangoni effect and by
the nonuniform evaporation and condensation on the droplet surface. A toroidal vortex is generated inside the droplet
placed on the heated surface. In this case, a downward flow along the axis is produced. The heat flux inside the droplet
is mostly directed along the flow, except the part adjacent to the solid surface, where the flow velocity is small, and
the conductive heat flux prevails. Due to an intense evaporation near the contact line, there is some increase in the
contact angle comparing to the equilibrium value for neutral wetting. It is shown that the contact angle observed for
evaporating droplet is greater than the value of static angle, despite the fact that it is essentially a receding contact
angle. Similarly, in the case of a droplet on the cooled surface, the contact angle decreases comparing with the static
value, and despite it is essentially an advancing one. Hence, this effect cannot be explained by the well-known contact
angle hysteresis. When the surface is cooled, the vortex rotates in an opposite direction. The direction of the heat flux

FIG. 9: Distribution of the fluid mass fluxes: horizontaljx = ρux (a) and verticaljy = ρuy (b) in the case of the cooled lower
surface. The total heat flux is directed downwards. Grid size 400× 200,t = 40,000.
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is also reverted. If the wettability is higher, the droplet shape becomes flatter, and vortical flows may not develop.
With increasing the Bond number by a factor of 50, the initial shape of the droplet changes. The droplet becomes
flatter for the larger value of gravity. This influences the evolution of the droplet height at the initial stage. During the
evaporation, the droplet becomes smaller, the current Bond number decreases, and the graphs of the height get close.
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