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Abstract

Two recently developed phase-field models, a hyperbolic model and a parabolic model with finite interface dissipation, are employed
to study the solute trapping in a Si-0.25 at.% As alloy during rapid solidification. The hyperbolic model is applied at the nanometer scale
of the interface width J. The parabolic model is derived by a coarse-graining procedure and is intended to operate with mesoscopic res-
olution of the interface #. The coarse-graining numerical parameters, namely interface width # and the interface permeability P, are
adjusted in the parabolic model to fit the segregation coefficient calculated by the microscopic model on the nanoscale. Based on the
optimal sets of 7 and P selected at small interface velocity, a linear relation between their logarithm values is obtained. This logarithmic
relation provides a theoretical basis for choosing the appropriate values of # and P in the numerical phase-field simulation in three spatial

dimensions.

© 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Considerable theoretical and experimental research has
been devoted to the kinetic descriptions of solidification
[1]. Most of this research has treated the near-equilibrium
or quasi-equilibrium limits of a small growth velocity [2—
4]. In these limits, either the local equilibrium condition
(i.e. the condition of equal chemical potential) or the condi-
tion of equal diffusion potential are employed. By contrast,
the understanding of systems far from equilibrium remains
less advanced. As a simple but illustrative example of a
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far-from-equilibrium process, the rapid solidification of a
highly undercooled melt has been frequently used for the
study of non-equilibrium interface kinetics due to the simpli-
fications resulting from the lack of coherency stress effects,
and from the simple interface structure for systems with an
atomically rough interface [5]. Rapid solidification occurs
in many techniques in contexts such as laser-induced surface
melting, spray forming and welding, in which supersaturated
solid solutions, metastable compounds and glasses can form
[6]. During rapid solidification, the solute may be entrapped
by the rapidly moving solid-liquid interface with a quantity
in concentrations that differ significantly from those given by
the equilibrium phase diagram. This phenomenon is com-
monly referred to as “solute trapping”. Due to its theoretical
and technological importance, in addition to experimental
investigations, the effect of solute trapping has been also
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extensively studied theoretically using, for instance, analyti-
cal models based on a sharp or semi-sharp interface hypoth-
esis [7-13], and phase-field simulations based on diffuse
interface models [14-19].

Solute trapping can be characterized by the velocity-
dependent solute segregation coefficient k(}), which is
defined by the ratio:

concentration in solid
concentration in liquid

Cs

k(V) = ; (1)

interface

interface ‘L

with the interface velocity V. This definition of the solute
segregation in Eq. (1) is based on the sharp-interface pic-
ture. As for analytical models for describing solute trap-
ping, two important theories are available: one is the
continuous growth model (CGM) [9], while the other is
the local non-equilibrium model (LNM) [11,12]. The
CGM is formulated by assuming a flux balance across a
moving solid-liquid interface. The V-dependent solute seg-
regation coefficient k() in the CGM takes the form (for di-
lute alloys) [91]:

ke VYV,

=

(2)
where k., is the equilibrium partition coefficient given by the
equilibrium phase diagram, while V% is the speed of diffu-
sion at the interface defined as Vg = D;//. Here, Dy is
the diffusion coefficient at the interface while 4 is a charac-
teristic distance, equal to the width of the solid-liquid
interface. The quantitative analysis of such a function
k(V) in Eq. (2) according to CGM shows a reasonable
agreement with the experimental data at small and moder-
ate growth velocities of the solid. However, the experimen-
tal results suggest a complete solute trapping regime, i.e.
k(V) =1, occurs at a finite interface velocity, which cannot
be predicted by CGM. In order to describe the increasing
k(V)up to k(V) =1 at a finite interface velocity, both the
speed of diffusion at the interface V), and the speed of
the atomic diffusion in the bulk ¥ should be included in
the model, as in LNM [11]. The LNM is based on a similar
approach as the CGM, but makes use of a generalized
Fick’s law that accounts for the finite relaxation time of
the diffusion flux into its steady state. As a result, the solute
segregation coefficient in LNM is described by:

(1= v ke + vy,
V)= . . V<V
L—(V/v3) + Vv,

V=

(3)
k(V) =1,

where V% is the propagative speed of the front of solute dif-
fusion profile.

Even though the analytical models may predict the veloc-
ity-dependent segregation coefficients, the evolution of the
concentration or microstructure can be simulated using the
phase-field method. For the past two decades, many
attempts have been made to describe non-equilibrium effects
in phase transformations [20-22] and, especially, in rapid

solidification [23,24]. In particular, the effects of solute trap-
ping and solute drag have been treated by various phase-field
models [14-20,25,26], which fall into two general classes.
The first class is based on parabolic governing equations
and, therefore, is termed the class of “parabolic phase-field
models” [14-17,23,25,26]. The second class is described by
hyperbolic-type partial differential equations, and is termed
the class of “hyperbolic phase-field models” [18,19,21,24].

The simulated segregation coefficient (V') in the parabolic
phase-field models increases monotonically and gradually as
the interface velocity increases, which is consistent with the
CGM model [8,9]. However, the complete solute trapping
regime, i.e. k(V)=1, cannot be reached by the parabolic
phase-field models due to the infinite bulk diffusion speed V%
assumed in the model: only the diffusion speed within the inter-
face, V%, is considered in the diffusion equations for the para-
bolic models. In order to achieve the complete solute
trapping regime and the transition to diffusionless solidification
(observed in many experiments [6]), the hyperbolic phase-field
model [18,19] has been developed by introducing a couple of
partial differential equations of hyperbolic type into the origi-
nal parabolic phase-field models, i.e. the Wheeler—Boettin-
ger-McFadden (WBM) model [14] or the Echebarria—Folch—
Karma-Plapp (EFKP) model [27]. By taking both speeds V5
and V1) into account, the hyperbolic phase-field model [19] pre-
dicts the complete solute trapping at the finite interface velocity
with the exact value of V', which agrees well with the experi-
mental data [28] and the atomistic simulations [29]. Consider-
ing the lack of experimental data (i.e. segregation coefficient)
for most alloys, the simulation results given by the hyperbolic
phase-field model can serve as a test as to whether reliable val-
ues for speeds V% and V%, and values for other material param-
eters are being used for the simulation. Note that, so far, the
hyperbolic phase-field model can reproduce the complete sol-
ute trapping and experimental data with the nanometric
width of the diffuse interface.

Very recently, a phase-field model with finite interface
dissipation has been developed for the description of
non-equilibrium phase transformations [30] on a meso-
scopic scale. At this scale, the concentration field, which
must be assumed continuous on the atomistic scale, is split
into the phase concentrations defined for the individual
bulk phases [3]. The solute redistribution at a moving phase
boundary is then considered by a local redistribution flux
between the phase concentration fields which overlap at
the interface. The key feature of this model is that the
two concentration fields are linked by a kinetic equation
which describes the exchange of the components between
the phases, instead of an equilibrium partitioning condi-
tion. To adjust the interface dissipation in this exchange,
an interface permeability, P, was introduced into the
model. For fast exchange (high permeability), the model
recovers the phase-field model with equal diffusion poten-
tials in coexisting phases [4,31,32]. In the case of small val-
ues of P, the non-equilibrium states of the diffuse interface
can be modeled. The model has been applied to simulate
the solute trapping in Si-9 at.% As alloy during rapid solid-
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ification [30]. By adjusting the interface permeability P, and
the numerical interface width #, an agreement with the
experimental data [28] can be achieved with an interface
width of 107" m. Even though the complete solute trapping
regime cannot be obtained due to the nature of the para-
bolic model, the experimental data up to an interface veloc-
ity of ¥ =2m s ! can be predicted by the parabolic phase-
field model with finite interface dissipation. In the present
paper, we search for a relation between the interface per-
meability P and the mesoscopic interface width #, i.e. the
width of the coarse graining. This relation is needed to per-
form multidimensional numerical simulations of solute
trapping during rapid solidification on a mesoscopic scale.

Consequently, the models [19,30] are employed to study
the solute-trapping effect in an alloy during rapid solidifica-
tion. The solute segregation coefficient predicted by the
hyperbolic model using the physical interface width is
regarded as the standard “experimental data”. By using
the same material parameters, the interface width and the
interface permeability are adjusted in the parabolic
phase-field model with finite interface dissipation to fit
the “experimental data” from the hyperbolic model. Sev-
eral pairs of the interface width 5 and the interface perme-
ability P are employed to describe the “experimental data”.

The present paper is organized as follows. Both the hyper-
bolic model and the parabolic model with finite interface dis-
sipation are formulated in Section 2. The parameter sets for
both models and their equivalence are also introduced in
that section. The different definitions of the solute segrega-
tion coefficient in both models are then given in Section 3.
The numerical hints on simulation using both models are
demonstrated in Section 4. In Section 5, the numerical
results from both models are presented. The effects of the
interface width 5 and interface permeability P on solute trap-
ping are discussed. A summary of the conclusions is made in
Section 6. Finally, in Appendix A, a diffusion equation with
an anti-trapping current is derived in the form suggested for
numerical calculations in the present work.

2. The models
2.1. The hyperbolic model

2.1.1. Model description

Consider the effect of solute atoms being trapped by
rapid solidification in isothermal binary alloys at constant
pressure. We assume that there is a binary system consist-
ing of A-atoms (solvent) and B-atoms (solute) with the
concentration ¢. Then the evolution of the system to equi-
librium is described by the following equations of hyper-
bolic type [18,19,21]:

Pe de Ofs S = > 2
c+—C:V-|:Mc<a—6£v0+acg¢v¢>:|_v'jAT7(4)

o " b

>’ 0 ,,
‘E(;,a—;b—f'g:M(j,(Sév d)—%), (5)

where fis the local equilibrium free energy density, 7 is the
relaxation time for the diffusion flux, M, is the mobility of
the B-atoms, 74 is the timescale for the relaxation of the
rate of change of the phase field 0¢4/0r, and M, is the
mobility of the phase field. Note especially that Eq. (4) in-
cludes the contribution j,7 which is the anti-trapping cur-
rent through the diffuse interface of thickness ¢ suggested
by Karma [33] in the following form:

wes) 98 Vo
o |Vl
where ¢; = ¢,/k, is the equilibrium concentration in the li-
quid at the solid-liquid interface, u = & (1 — u,,) is the
dimensionless difference of the chemical potentials, x4 and
Ueq are the chemical potential and the equilibrium chemical
potential, respectively, and a = 1/(2v/2) is the parameter
of the model for anti-trapping [33].
The local equilibrium free energy density f is chosen as
the ideal solution of a dilute binary system [27]:

e $) = FA(T0) — (T— T)s(d) + e(d)e + - (clne

U
— )+ Me(d), (7)

where f(T) is the free energy density of a pure system con-
sisting of the solvent (pure A-atoms), T, is the solidifica-
tion temperature of the solvent, R is the gas constant, v,
is the molar volume (assumed equal for A- and B-atoms),
and W is the height of the energetic barrier which is mod-
eled by the standard double-well potential:

g(@) = ¢*(1 - ¢)" (8)
To calculate the function u(c,¢) from Eq. (6), the chem-

ical potential and equilibrium chemical potential, respec-
tively, are given by:

Jur = —ad(l — k,)cie (6)

esd) = 2= (g + e, ©
Heg :el+1£1nc;. (10)

m

The entropy density s(¢) and the internal energy density
€(¢) are derived using the dilute alloy approximation:

() =252 - =[50t (1)
) =52 =B i+ p()1 - k] - F k., (12

where L is the latent heat of solidification, k, is the equilib-
rium solute partition coefficient, and the indices / and s
indicate the liquid and solid phases, respectively. The inter-
polation function p(¢) is taken to be:

p(d) = ¢*(3 - 2¢), (13)

with

1 —p(¢) = p(1 — @), dp(9) _ dp(¢)

dg L—o - dd

L_l =0. (14)
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These functions define the liquid state for ¢) =1 and the
solid state for ¢ = 0.

2.1.2. Model parameters
Now we choose the parameters of the phase field and

solute diffusion for the hyperbolic model, Section 2.1.1.
The present computations use the following model param-
eters (see Ref. [14] and the appendix in Ref. [32]): the gra-
dient energy factor eé, the energetic barrier height W, the
capillary parameter d, and the mobility M, of the phase
field expressed in terms of the surface energy o, the interfa-
cial width 0, and the phase-field diffusion parameter v:

&2 =200, W= 9—6,

' 0 (15)
OV [V
RT,’ ? 7 206"

Additionally, the atomic mobility is introduced as:

N
M) = (G4) Do) (16)
c

Note that the phase-field mobility from Eq. (15) is assumed
to be positive at the positive phase-field diffusivity v>0
and the atomic mobility (16) is positive at 0*f/d ¢* > 0. This
guarantees a monotonic decrease in the free energy over
time for the solidifying binary system [34].

The equilibrium partition coefficient &, can be expressed
through the energetic barrier between coexisting phases as
follows. In equilibrium, the chemical potentials of the
liquid and solid phases, w, = 0f;/0c;=¢,+ (RT/v,,) Inc,
and p, = 0f,/0c, = €, + (RT/v,,) Inc, give the equality:

dy =

RT RT
€ + Inc; = ¢ +— Ing;, (17)
where ¢, and ¢, present the internal energy density of the liquid
and solid, respectively. From Eq. (17) the definition of the sol-
ute segregation coefficient in equilibrium directly follows as:

CS _ _ Um
ke:c—l—exp( RTAE), (18)
where
Ae = ¢ — ¢, (19)

is the difference between internal energy densities of phases.

In addition to the parameters used usually for the sys-
tems evolving around equilibrium, the present problem of
a fast propagating interface includes four additional kinetic
parameters, given in Table 1. These parameters present the
characteristic speeds V4 and V' for the solute diffusion and
characteristic speeds Vf/, and Vg for the interface propaga-
tion. They are defined by the thickness ¢ of the interface
and the relaxation times of the solute diffusion and phase
fields to local equilibrium.

2.1.3. Traveling wave solution
The properties and features of the hyperbolic equations
for diffuse interface models were discussed and analyzed in

Refs. [18,19,21]. Here we demonstrate the peculiarities of
the hyperbolic phase-field equation in an example of its
traveling wave solution.

The phase-field Eq. (5) can be rewritten in the form:

P 0p_ (LS
"o o (V " 35 a¢> (20)
where the relation among the coefficients (15) has been
used. Taking the derivative from the free energy density
(7) as Oflc,)/op = —(T — T)ds/dep + cde/dp + Wdg/dp
and using Eq. (8) and Egs. (11)—(13), one can rewrite Eq.
(20) in the following form:

’o 0P ,, 18 1
Wt gp =] [Ter et - a6 -3
+ TP 500 - ), o1

where the function

RT (1—k.)e T—T,

L

A (T,c,¢) =

v ket (L—k)p(@) | T
-3 (@(¢>)c ke m)
fﬂA(T ¢, ) (22)
includes the contributions
1 —k,
O = e 0 kap(9) @)
AT,y = U=RIe ok gy g

ket (L—kJp(d)  m.

which characterize the driving forces for the diffusion and
the phase transformation, respectively. All parameters are
described in Table 1.

We obtain a traveling wave solution at a given constant
driving force with the following average value in the steady
state:

AG = —(A*(T,c, ), (25)

where the average (- - -) is taken in the normal direction over
the interface, as described in Ref. [32]. The equilibrium con-
dition AG = 0 gives for Egs. (22) and (25) the equilibrium va-
lue of k., which can be used for the definition of the non-
equilibrium solute segregation function (V) in full analogy
with the analysis of [19]. A one-dimensional solution of Eq.
(21) in the form of a traveling wave, ¢ = ¢(z) with
z = x — Vt,can be found in the reference frame moving with
the constant velocity V. Then, Eq. (21) becomes:

W\ d¢ Vdo 1
<1 . )dzz++ ¢(1_¢)<¢—2)

AG

~39(1-9) o0 =0. (26)

The solution of Eq. (26) has the same form as for the
phase-field model utilizing a double-well potential [19]:
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Table 1

Physical parameters of the Si-0.25 at.% As alloy used for phase-field modeling.

Parameter Value Ref.
Melting temperature of Si, 74 1685 K [35]
Liquidus line slope, m, —400 at.% ! [17]
Solute partitioning coefficient, &, 0.3 [28]
Molar volume, v,, 1.2 x 107> m* mol™! [17]
Diffusion coefficient in liquid, D, 1.5%x 107 m?s™! [28]
Diffusion coefficient in solid, Dg 3x107 ¥ m?s™! [28]
Surface energy, o 0.477 I m™> [35]
Phase-field diffusion parameter, v 1.57 x 1078 m?s7! [19]
Interfacial thickness, 6 = g0 1.875 x 10° m [18]
Interface mobility, My|;_s, 8.777m*J ' s7! Present work

Mobility of the “thick” interface, M7 |5_i0;,,, 8777 x 103 m* J~' 57! Present work
Relaxation time for the phase-field rate, 7, 1.0x 1075 [18]
Relaxation time for the diffusion flux, 7 24 %1071 [19]
Scale speed for the ¢-field, V/, = v/o 8.37ms ™! [19]
Maximum speed for ¢ propagation, Vg = (v/r(z,)l/2 39.6ms™! [19]
Solute diffusion speed within the interface, V4 = D, /3 0.8ms ! [13]
Solute diffusion speed in the bulk, ¥ = (D, /tp)'/* 25ms™! [13]
1 z v
¢ =3 [1+tann (5)]. @) Valsoo =V =\ i =0, (31)

where / is the the correlation length of the phase field. Dif-
ferentiating the solution (27) with respect to z two times,
dpldz =2¢(1 — ¢)/l and d¢/d=> = 8¢(1 — $)(1 — ¢/2)/P,
we substitute the results into Eq. (26). Having equating
the coefficients for ¢ of the same order to zero, one can fi-
nally obtain:

— the velocity-corrected correlation length

2
_0 i nl (28)

/
3 y

— the diffuse interface velocity

2
p_LAG. [ (29)
o v
which, for real values of V, is true with the following
inequality |V| < y/v/14. This inequality recognizes the
cases of solidification 0 <V < y/v/ty, and melting
—/v/1p <V < 0. As a result, it follows from Eq. (28) that
the correlation length / decreases with an increase in the

interface velocity V'— /v/t,.

Assuming in the following analysis the theoretical veloc-
ity, V="V, Eqgs. (28) and (29) are described by:

A 20
V= ___vAG j—__ %9 (30)

\/0'2+‘C¢VAG2 3\/0’2+‘C¢VAG2

from which two limiting cases can be outlined. First, a
maximum speed V), with which the disturbances of the
phase field can propagate and the effective interface width
on the front of these disturbances are obtained at the infi-
nite driving force, AG — oc:

The limit (31) is absent in the parabolic model in which dis-
turbances of the phase field propagate with infinite speed,
i.e. Vux — 00. Second, the diffuse interface velocity and
the correlation length in a system described by the para-
bolic equation are obtained in the local equilibrium limit,
Tp — 0:

v
Vth|1¢:0 == ; AG7

l|%:0 =24/3. (32)
As a result, the kink solution, Eq. (27), of the hyperbolic
phase-field Eq. (26) exhibits the following outcomes. (i)
The diffuse interface velocity is limited by the finite speed
for disturbance propagation, |V| < \/v/ty =V (see
Egs. (29) and (31)). (ii) The phase field disturbance propa-
gates with the sharp front, /=0, having the finite speed,
Viar (see Egs. (28) and (31)). (iii) In the local equilibrium
system described by the parabolic phase-field equation
(see Eq. (21) with 7, = 0), the diffuse interface moves with
the correlation length proportional to the interface thick-
ness, / = 26/3, and its steady-state velocity is linearly pro-
portional to the driving force, V o< AG (see Eq. (32)).

To predict the diffuse interface velocity independently
from the analytical predictions, we carried out some
numerical modeling. By solving one-dimensional non-sta-
tionary Eq. (21) numerically, we obtained the profile for
the phase field and its steady-state velocity V. The numer-
ical calculations were carried out using a non-stationary
explicit finite-difference scheme with four time layers. Mov-
ing-frame boundary conditions were used. Starting from
some initial configuration for the phase-field profile, the
evolution of the profile was calculated up to the point at
which a steady state with a constant velocity was achieved.
We assume that 7, =10""s, v = 1,/2 =9 x 10 m’s™".
Fig. 1 compares the results of the numerical calculations
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for the interface velocity with the theoretical interface
velocity. It can be seen that the existence of the analytical
solution (30) is confirmed by the numerical solution of
the one-dimensional non-stationary Eq. (21) with good
agreement.

2.2. The parabolic model with finite interface dissipation

2.2.1. Model description

Following our recent paper [30], we treat two distinct
phase-field variables ¢, and ¢, which are connected by
¢ =1 — ¢, for a dual-phase alloy. This difference in nota-
tion indicates the use of a double-obstacle potential in the
free energy for computational reasons. Using the double-
obstacle potential does not hamper the comparability of
the results of the hyperbolic model, because we use the
same physical entities for the material properties (see
below). The interface thickness will now be treated on a
mesoscopic scale with width # to be distinguished from
the hyperbolic model, where the interface width ¢ was
taken as a physical entity. For our binary alloy exhibiting
a single « — f transition (two components, two phases),
the total free energy F in any arbitrary thermodynamic
state can be split into the interfacial part f™ and the chem-
ical part fohem:

o intf chem
F= /g{f + /7, (33)
2
i — % {— %V(l)u Vo, + ¢1¢ﬁ}a (34)
fehem — o £ (c,) + Gpfp(cp) + e — (dyca + Pyep)},  (35)

where 7 is the interface width, o, is the interfacial free en-
ergy, ¢, is the phase field for phase o that varies between 0
(not phase «) and 1 (phase «), and its complement
¢p=1— ¢,. f, and f are the volume free energy of the a
and f phases, which depend on the respective phase con-
centrations, ¢, and csz. The phase concentrations, ¢, and
cp, are related with the overall concentration via the mix-
ture rule

c= ¢,y + Pyep. (36)

30 I v, nl/s
Vin, m/s ====s

V,m/s

0 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
vAG/o,m/s

Fig. 1. Comparison of the numerically calculated interface velocity ¥ with
the theoretically obtained interface velocity V,,, Eq. (30).
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To ensure solute conservation, the Lagrange multiplier A
is introduced in the chemical energy density ™,
expressed as:

)
. N N “Cy + 5 Cp
A= Gylts + pitg — %~ (37)

Here, i, and fi are the diffusion potentials of the « and f
phases, and are defined as 0f,/0c, and O f3/0c;, respectively.
0¢,/0t and 0¢p3/0t denote the temporal phase changes of the
o and f phases, respectively. P is the so-called interface per-
meability against redistribution fluxes. In fact, P is the rate
constant controlling the interface dissipation, and can be
estimated as:

Mlnter

5at0m

P=f(n) ; (38)

where J,,,,,, 1s the atomistic interface width as given in Table 1.
M™" = ¢, M, ~+ ¢psMy is the atomic mobility over the inter-
face as a mixture from the chemical mobility in « and f3, respec-
tively. Hence it is comparable to M (T, ¢, ¢) in the hyperbolic
model Eq. (16). f{n) is a function of the numerical interface
width » with the dimension [m~']. A first approximation of
f(n) has been set to be 8/5 in our previous paper [30]. In fact,
the relation between P and 7 is to be determined in the present
paper by acquiring a series of optimal P and  with which the
“experimental data” can be well reproduced.

The role of the interface permeability can be clarified in
the case of an atomistic interface width n =~ d,,, as a
kinetic correction if the solute does not instantaneously fol-
low a phase change. This leads to a kinetic correction of the
generalized chemical potential A in Eq. (37) proportional to
0¢/0t. In the case of a mesoscopic interface 7 >> 34,0, the
correction can be derived from a coarse-graining procedure
applied to the diffusion equation:
Oc af

—=V-(MNVN=]|=V- MV, 39
5=V (MY ) =V 0150 (39)
where M. is the chemical mobility and f'the free energy den-
sity, e.g. taken from Eq. (7) in the limit # = J,,,, and u is the

chemical potential. In fact, Eq. (39) is equivalent to the diver-

Ve + 08 {(/) Vqﬁ)} in the hyper-

bolic model (see Eq. (4)). In a one-dimensional domain
normal to the interface we perform the Fourier transform
(where M. is taken as a constant):

@) = / u(k)e 5 dk; (k) = / HEE s

ac AP M / K u(

Now we split the Fourier modes into long-range and
short-range fluctuations with a cut-off wave vector
ko= 1/n. We will be interested in keeping only the long-
wavelength modes with |k| < ko, where # sets the minimum
resolution on the mesoscopic scale. This leads to the
coarse-grained equation in each phase « and f which has
a non-zero value of the phase-field variable ¢, # 0 or
¢p # 0 in the domain Q, and Q, respectively,

gence of flux terms V. {M (

(40)
72m'/;)?d]_€).
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= —47°M kzu(l_c')e’zn"];’?d/_c' + P(up — )5
ot [Fl<ko
¥eQ, (41)
Cﬁ(x) _ _4n2M kzlu(l_{‘)efznilz)?d]_é_i_P(’uu _ 'u/;)’
ot <k
Xe Q/j. (42)
and
4n*M o ol
po_ AmM / Ru(F)e R, (43)
(e = 1) Jitis

There is no longer a direct diffusion flux between the
phases. This is now replaced by the redistribution flux
P(ps — p1,), which is of course symmetric between the
phases.” The long-range fluctuations describe the smooth
variations in the bulk phases, but not the jump of the
chemical potential over the interface between the phases.
Therefore Eqgs. (41) and (42) are restricted to phase « and
phase f, respectively. The last term in Eqgs. (41) and (42)
describes the redistribution flux through the interface
between the different phases which is formally defined as
the sum of all short-wavelength fluctuations. The kinetic
parameter P will be called the “interface permeability”
(see Ref. [30]). Transforming back to real space, we have:

Jc,
ot :V(Mvux)+P(Hﬁ_ﬂy)v (44)
Oc
SL= V- (MViy) + Pl — ). (45)

In the case of a phase transformation, there will be in addi-
tion a correction to take into account of mass conservation
during the transformation. This correction is formally de-
rived from a Lagrange condition (37), as explained in detail
in Ref. [30]. The obtained evolution equations for the phase
concentrations ¢, and ¢z based upon the free energy func-
tional (33) and (34) according to Ref. [30] are:

dey _ = 7 fiy — I o
%Fct =V (¢,D,Vc,) + P, byt — ita) + &, é;é
X (Cﬁ - cz); (46)
5 . . 0
d’ﬁ% =V - (¢pDsVey) + Pyt — ftg) + d)"%
X (cx — cp)- 47

Here, D, and Dy are the chemical diffusivities of the « and f8
phases, respectively. They can be either directly obtained
from the experimental measurements or calculated from
the atomic mobilities. The relation between the chemical

2 Since the spatial information about the phases is lost by integration of
the short-wavelength fluctuations, one has to recapture this information
by the sign of the difference in the chemical potentials.

diffusivities and the atomic mobilities can be found in our
recent paper [30,36].
The evolution equation for the phase field ¢, is:

9 ‘ 7'52 ] T A phi
- = K{Oxﬁ y ¢rx ;’]2 ( 2) n / -ﬁ}.

K introduced in Eq. (48) is the modified interface mobility
given by:

_ 8P’7:u1/}
8P + i (cy — cp)”

(49)

with the physical interface mobility p,5 between the o and f8
phases, and Ag{jZ’ the driving force for the phase field, de-
fined by:

AgL = fip = fo = ($ults + bylip) (e — €2)- G0

Summing Eqgs. (46) and (47) gives the standard evolution
equation of the overall concentration, dc/dt= V-
(,D,Ve,) + V- ((bﬁDﬁﬁCﬂ), where we have used the fact
that 0¢,/0t = —0¢p/0t. The non-trivial point in solving
Egs. (46) and (47) separately is that this obviates the need
to employ an extra condition to fix the concentrations for
each phase. Instead, we can use the separate concentration
evolution equations of each phase for the iteration, which
is applicable for arbitrary initial conditions.

2.2.2. Model parameters

The liquid-solid transition during rapid solidification is
the present target, and o and f in the parabolic model with
finite interface dissipation described in Section 2.2.1 are
thus the liquid and solid phases. In order to make a direct
comparison between the simulation results from the two
models, the same physical parameters are used, including
the interfacial energy, diffusivity, thermodynamic proper-
ties and interface mobility.

The diffusivities Dy, Dg, interfacial energy, o7 s used in
Eqgs. (46)—(48), are simply taken from Table 1. Based on
the phase equilibria information presented in Table 1, i.e.
liquidus slope mi,, equilibrium partitioning coefficient k,,
and melting temperature 7 4 for pure Si, the corresponding
free energy densities of liquid and solid phases for con-
structing the same linear Si—As system are listed as follows
[18,30,361:

RT
fu=

{CLln(CL)+(1 —CL) ln(l —CL)}, (51)

m

fs :?{cs In(cs) + (1 —¢s) In(1 — ¢5) — csIn(k.)

#-eom [ G ) >

Here, R is the ideal gas constant, 7T is the simulation tem-
perature, while ¢; and cg are the concentrations of the li-
quid and the solid. ¥, is the molar volume, which is also
taken from Table 1.
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max< cr >

Fig. 2. The definition of solute segregation coefficient k(¥) by the ratio
(54) of maximum concentrations in phases. The solid line shows the total
concentration ¢ obtained from the hyperbolic model in Section 2.1. The
dashed curve is given by Eq. (55) and the dashed-dotted curve is given by
Eq. (56).

The interface mobility p;g, which is used in the para-
bolic phase-field model, is related to the surface energy o
and the phase-field diffusion parameter v by:

v

Hps = P (53)

The mobility (53) can be interpreted as the kinetic coeffi-
cient in Eq. (32) for the “interface velocity—driving force”
relationship.

3. Definitions of the solute segregation coefficient
3.1. The segregation coefficient in the hyperbolic model

To obtain the solute segregation coefficient (1) quantita-
tively, one has to give a definition for it on the diffuse inter-
face, which requires special consideration. For instance, the
segregation coefficient has been defined by the values of the
concentrations at the ends of the diffuse interface [18]:

:cSEc(d)—>0)
co=c(p—1)°

This definition does indeed give the transition to diffu-
sionless solidification at a finite interface velocity V that
qualitatively agrees with numerous experimental data.
However this definition predicts a complete solute trapping
at the interface velocity smaller than the solute diffusion
speed in the bulk liquid, ¥ < V%, which contradicts its
own definition of the transition to diffusionless solidifica-
tion (see the results and discussion in Ref. [37]). Therefore,
a segregation coefficient k(¥) can be introduced such that
the concentrations at the diffuse interface become equal
to their equilibrium values given by the solution of the
phase-field equations in equilibrium, and these are approx-
imated by the non-equilibrium stationary regime of solidi-
fication [19]. Then the coefficient k( V) is defined as the ratio
of the maximum concentration in the solid and the maxi-
mum concentration in the liquid (see Fig. 2):

k(V)

() = e, (54)
where
(es()) = [1 — hp(. Ve, (55)
() = hlp(, V)]e(x), (56)
with

B p(P)
oY) = A T = () 57)

and p(¢) given by Eq. (13) such that
c(x) = (es(x)) + (e (x)). (58)

Eqgs. (54)—(57) give the solution of the phase-field equations
in equilibrium, i.e. at "= 0, and give the equilibrium value
for the solute segregation coefficient k(¥ = 0) = k.. From
the definition (58) it follows that (cg(x)) and (cz(x)) can
be interpreted as the concentration fractions in solid and li-
quid, respectively.

3.2. The segregation coefficient in the parabolic phase-field
model with finite interface dissipation

In the present parabolic model we assume that the indi-
vidual phase concentrations are known and each position
over the interface can be assumed to be a sharp interface.
Then, we use the following definition for the solute segrega-
tion coefficient [30]:

K7 =

far — field concentration
maximum of the liquid concentration
o Cs - Cs
~ max|c;] (¢ =0.9999)

Here, the far-field concentration in the liquid is equal to the
concentration in the bulk solid under steady-state condi-
tions, while the maximum of the liquid concentration over
the interface here is at the position adjacent to the solid
bulk region. For simplicity, we assume that the maximum
liquid concentration is the liquid concentration at ¢
=0.9999. These concentrations are schematically demon-
strated in a typical concentration profile across a moving
solid-liquid interface during rapid solidification, as shown
in Fig. 3. In fact, this liquid concentration, ¢z (¢ = 0.9999),
approaches its equilibrium value from the phase diagram
during slow solidification. By comparing Eq. (59) with
Eq. (1), it can be seen that this definition of the solute seg-
regation coefficient k(¥) can be nicely reduced to the stan-
dard definition in terms of the sharp interface assumption.
Therefore, the definition (59) is used to calculate the solute
segregation coefficient for the simulation with the parabolic
phase-field model with finite interface dissipation.

(59)

4. Numerical solution

The binary alloy Si-0.25 at.% As during rapid solidifica-
tion is chosen as the target alloy for both phase-field
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Fig. 3. Concentration profile across a moving solid-liquid interface
during rapid solidification according to the parabolic phase-field model
with finite interface dissipation.

models. The rapid solidification is initiated by a large dif-
ference of the free energy between the stable solid and
the metastable liquid that in general occurs when a system
is quenched far below the liquidus temperature [6].

4.1. The hyperbolic model

The effect of solute trapping is analyzed in one spatial
dimension with a planar interface using the model param-
eters (15) and (16) and the values of Table 1. In the refer-
ence frame, x — (x — V7)/d and t — tv/6*, moving with
the constant interface velocity V, the governing Egs. (4)
and (5) can be written in dimensionless form for the con-
centration field and for the phase field (see Appendix A):

V de d ~ y? dc
T

+ 5 (Borcow BP0 1 at)
x Vlgc@w,)%, (60)
_Vdy_ (1 v )@2@;3
Vi dx (VEY ) a2 dp  2do
X 72/1(T,C,d))dpd((f), (61)
where the dimensionless diffusion coefficient is
D(#) = D(#)/D, = Ds/D; + p(d)(1 - Dy/Dy).  (62)

and the driving forces @(¢) and A(T,c,¢) are given by Eqgs.
(23) and (24), respectively. Note that all above material
parameters are described in Table 1.

The last terms in Egs. (60) and (61) depend on the ratio
6/d,. Therefore, to have scale invariance, the change in the

interface thickness 6 should lead to a change in the capil-
lary length of dy o< . As a result, we need to change the
surface tension ¢, which becomes physically unrealistic.
To avoid this problem, we define dy by the phase-field
mobility M as [14,18,19]

U Vv
b =7 20M (63)
Using this relation in the ratio d/d,, one gets:
B RT M
22222 = const., (64)

d() Uy
which should be a constant equal to the ratio ,,,,,,/dy from
Table 1. The phase-field diffusion v is defined by the kinetic
coefficient of the crystal growth and, therefore, it has a
physical meaning. To obtain a constant-valued relation
(64), it is necessary to take the dependence of the phase-
field mobility on the interface thickness to be My 1/62.
As a result, an increase of interface thickness by one order
of magnitude leads to a decrease of the phase-field mobility
by two orders, i.e.
m3

My=878 —
¢ J ’

0= 5atom7
S

3
M/gb = 8.78 x 10_2 27 0=10- 5arom-
Js

We will use this result in the calculations for the cases of
nanoscaled (atomistic) interface with the thickness
0 = Ou0m and the increased interface with the thickness
0 =10 - ..o, (see Table 1).

4.2. The parabolic model with finite interface dissipation

The simulations using the parabolic model with finite
interface dissipation are performed under isothermal con-
ditions with different temperatures, which are below the
solidus temperature of the Si-0.25 at.% As alloy. With these
settings, the steady-state growth can be achieved during the
simulation. The typical steady-state concentration and
phase-field profiles across a moving solid-liquid interface
during rapid solidification according to the parabolic
phase-field model with finite interface dissipation has
already been shown in Fig. 3. When decreasing the simula-
tion temperature, the driving force becomes larger, result-
ing in an increase in the interface velocity.

One-dimensional phase-field simulations are performed
by simultaneously solving the phase concentration evolution
Eqgs. (46) and (47) and the phase-field evolution Eq. (48)
using the explicit finite-difference scheme. The total simula-
tion size is large enough to keep a length of 10 times the dif-
fusion length of the liquid profile when a lower interface
velocity is used. 20 grid points are equally distributed over
the interface during the simulation. The left and right bound-
aries for the phase field are set as insulation conditions. As
for the concentrations, an insulation condition is employed
for the left boundary, while the concentration at the right
boundary is fixed at the initial alloy concentration, i.e.
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Si-0.25 at.% As. A moving frame is used to determine the
interface velocity. The thermophysical parameters, such as
the interface energy, interface mobility, diffusivities and
thermodynamic parameters, are taken from Table 1, as
described in Section 2.2.2. By changing the simulation tem-
perature, the interface velocity and segregation coefficient
vary simultaneously. One thus obtains a unique relation
between the interface velocity and the segregation
coefficient.

In fact, the interface width # and interface permeability
P are also adjusted to fit the “experimental data” from the
hyperbolic model, as demonstrated in our previous paper
[30]. The interface permeability P corresponding to the
thermophysical parameters in Table 1 and the atomistic
interface width 7,4, (equal to d,,, in the hyperbolic
model) is calculated to be 2 x 10°cm® J='s™! using Eq.
(34) in Ref. [30]. This P value (2 x 10* cm® J=' s™") in fact
is an upper limit, above which there is a fast relaxation
between the liquid and solid. Thus, a decrease in P leads
to a decrease in the relaxation between the atoms in the
liquid and the solid phases, and then the solute trapping
will be enhanced.

5. Results and discussion

The solution of the hyperbolic model described by Egs.
(60) and (24) was done by the method developed in Refs.
[18,19]. The kinetics and solute trapping for the cases of
a nanoscaled (atomistic) interface width d,,,,, and a wide
interface 104,,,,, were analyzed for rapid solidification of
Si-0.25 at.% As alloy. The simulated results from the
hyperbolic model are presented in Figs. 4 and 5.

Fig. 4 exhibits the kinetics of interface motion. It can be
seen that the interface without an anti-trapping current
moves slowly in comparison with the interface having an
anti-trapping current. Therefore, the anti-trapping current
rejects the solute from the wide interface to make the inter-
face faster and much more mobile.

Fig. 5 shows the predictions of the hyperbolic EFKP
model for complete solute trapping at V= V% for atomis-
tic-scale interface width (1.875 nm). In addition, the model
predicts a complete solute trapping at a smaller velocity
V < V% for larger interface widths, as shown in Fig. 5b
with and without an anti-trapping current. This occurs
due to the effect of abnormal solute trapping by the broad
diffuse interface having a purely numerical origin [33,27].
The numerical solute trapping effect is something addi-
tional, on top of the physically reasonable solute trapping,
and gives rise to a complete solute trapping at a smaller
interface velocity. For an interface width equal to
18.75 nm (i.e. 10d,,,,) with an anti-trapping current, the
solute segregation coefficient behaves similarly to the case
with an interface width equal to 1.875 nm only at low inter-
face velocities (at < 0.1 ms~' in Fig. 5a). At high inter-
face velocities the curves diverge. Therefore, the anti-
trapping current (6) does not compensate for the numerical
solute trapping for the whole range of velocity in modeling

with the wide diffuse interface. The current (6) compensates
for the numerical solute trapping only for small interface
velocities V' (see Fig. 5b).

As stated in Section 1, the simulated results with 6,
due to the hyperbolic phase-field model are regarded as
the standard “experimental data”. To fit the “experimen-
tal” segregation coefficients shown in Fig. 5, we investigate
the dependence of the interface permeability P and the
interface width 5 on the velocity-dependent solute segrega-
tion coefficient k(}) in the parabolic model. Thus, three
sets of n — P values are employed in this paper, namely
Natom — 2000 em? T tsT Natom — 200 em®J 7 's7!, and
104410 — 200 cem® J7's7!. Here, Natom 18 €Xxactly the atom-
istic interface width 0, listed in Table 1, and equals
1.875 x 1077 cm. The obtained velocity-dependent segrega-
tion coeflicients are shown in Fig. 6. As can be seen, the sol-
ute segregation coefficient k(V) is enhanced when
decreasing P from 2000 to 200 cm® J~!s™! while keeping
the interface width at #,,,,. However, k(V) is depressed
when the interface width increases from 1., to 101,.0m
while keeping P =200 cm®J~'s™'. According to Fig. 6,
the general trend seems to be that a decrease P leads to a
higher solute segregation coefficient, while the increase of
n results in the lower solute segregation coefficient. It
should be borne in mind that Fig. 6 is in fact due to the
mixture contribution of P and # because P also varies with
n according to Eq. (38). Hence, following Fig. 6, it is pos-
sible to reproduce the “experimental data” by adjusting P
and # simultaneously.

Two best sets of P and n have been found to fit the
“experimental data”, namely 10004, — 0.8 cm® J~!s™!
and 10,0007,0m — 0.1 cm® J7's™!, as shown in Fig. 7.
The solute segregation function k(¥ /V'%) agrees reasonably
well with the “experimental data” for V'<1.5ms ' (ie.
V/VE < 0.6, where V2 =2.5ms '). When the interface
velocity ¥ is larger than 1.5ms™', a large difference
between the results from the parabolic model and the
“experimental data” appears. It arises due to the nature
of the parabolic and hyperbolic models, as pointed out in

1700 — L . L R 1 R 1 . L
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« 1500
~ ]
© 1400
= 1
[
o 1300 A . ) .
o without anti-trapping &
g 1 Fatom A
= G0 == &=106,,, N
1 with anti-trapping N \
11004 - =105, Y
4 \
1000 T T T T T
0.0 0.5 1.0 1.5 2.0 25

Interface velocity V, m/s

Fig. 4. Kinetics of diffuse interface motion with and without anti-trapping
current.
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Fig. 5. Non-equilibrium solute segregation coefficient k( V) for the Si-0.25
at.% As alloy as predicted by the hyperbolic phase-field model. Results of
the modeling are given for the 1.875 nm interface width (dotted line) in
comparison with 18.75 nm interface width without anti-trapping (dashed
line), and with anti-trapping (dash-dotted line) and hyperbolic CGM [13]
(solid line).

Section 1. Moreover, the results from the CGM and LNM
models are also superimposed in Fig. 7 in order to check
the consistency between the results of numerical simulation
and those from the analyzed models. As indicated in Fig. 7,
the simulated results from the parabolic model agree well
with the CGM model over a wide velocity region, but only
show good agreement with the LNM model at
V' <1.5ms~'. However, a non-trivial point here is that
the solute trapping effect during rapid solidification can
also be simulated by the parabolic phase-field with inter-
face dissipation on the length scale of pm. This opens the
possibility of three-dimensional simulations of rapid solid-
ification which consistently treat solute trapping.

Based on the results of Fig. 7, let us establish a relation
for the optimal sets # — P with which the “experimental”
solute segregation coefficient over the interface velocity
range of V< 1.5ms™' can be well reproduced. Moreover,
this relation can provide a theoretical basis for choosing
reasonable parameters in the further phase-field simulation
of rapid solidification. However, with a decrease in the
interface width, the simulated solute segregation coefficient
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Fig. 6. The effect of interface permeability P and interface width x on the
solute segregation coefficient in Si-0.25 at.% As alloy predicted by the
parabolic phase-field model with finite interface dissipation. Here,
VB =25ms™" and fyem = 1.875 x 10~ m.
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Fig. 7. Comparison among the simulated k(¥) with optimal values of P
and n due to the parabolic phase-field model, the “experimental data“
from the hyperbolic phase-field model (Fig. 5), and the results according
to CGM and LNM analytical models.

k(V) essentially deviates even at a small interface velocity,
V'~ 025ms . In this case, we can only obtain optimal
sets 7 — P that reasonably describe the “experimental” sol-
ute segregation coefficients at the interface velocity of
V<0.25ms”!, as demonstrated in Fig. 8. As a result,
the optimal sets 7 — P exhibit the following base-10 loga-
rithmic relation (see Fig. 9):

logP= —1.256logn — 4.560. (65)

Even for this relatively small interface velocity (i.e.
V' <0.25m s "), several regimes of solidification processing
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Fig. 9. Relation (65) between the interface permeability P and the
interface width 5 with which the “experimental” k(¥) over the velocity
range of ¥ <0.25ms™" can be well reproduced.

can be covered. For instance, the interface velocity for
directional solidification in steel ranges from 0.003 to
0.02m s~ '. Therefore, a relation for the sets y — P for
describing the “experimental data” at the interface velocity
range of V< 0.25 m s~ still makes sense for the phase-field
simulation of various solidification cases with moderate
interface velocity. In order to determine the formulation
of f{n) in Eq. (38), Eq. (65) can be transformed into:

2.754 x 107 cm®
P= 71256 Ts

The M™ value can be approximated to be the atomic
mobility in bulk liquid phase, M, because it is larger than
that in the solid phase, Mg, by several orders. Then, M,
can be estimated via the Einstein relation:

(66)

Dy

RT’
assuming that the present target alloy has dilute solutes. D,
in Eq. (67) can be taken from Table (1), and 7T can be re-
placed by the average temperature over the entire simula-

tion range here. With these inputs, the formulation of
f(n) in Eq. (38) becomes:

391 x 107% 1
f(n) = 1256

M, = (67)

o (68)

6. Conclusions

The hyperbolic phase-field model and the parabolic
model with finite interface dissipation have been utilized
to investigate solute trapping during rapid solidification
of Si-0.25 at.% As alloy. The solute segregation coefficients
simulated by the hyperbolic model with an atomistic inter-
face width were treated as the “experimental data” for Si-
0.25 at.% As alloy.

To fit this “experimental data”, the interface width #
and the interface permeability P were adjusted in the
parabolic model with finite interface dissipation in addi-
tion to keeping the equivalent material parameters as in
the hyperbolic model. The good agreement between the
two simulation results at the interface velocities
V<1.5ms ! indicates the possibility of simulations in
three spatial dimensions using the parabolic model with
finite interface dissipation.

Several sets of optimal interface widths and interface
permeabilities that reasonably describe the “experimental
data” within the lower interface velocity range were
obtained. They were used to evaluate a relation for choos-
ing the appropriate interface width and interface perme-
ability for future numerical simulations.
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Appendix A

The concentration equation with an anti-trapping cur-
rent for the steady-state motion of a diffuse interface can
be derived as follows. We start from Eq. (4):

2 2 2

dc Oc H{M(avaraf

Doz o =V Mo\ 52 Ve gcog

w)} Ve (AN

The derivatives with respect to the free energy are
af Os Oe og

%:_(r T)%+ EPRR Y (A2)
82f Je R_T 1_ke @ (A 3)
8¢8c 8(1) U ke +p(P)(1 —k.) O~ '

c?

_(1 - ke)/[ke +P(¢

Introducing the atomic mobility as M, = D(¢) (ﬂ) and
the diffusion driving force as @(¢) =
)1 — k,)], we obtain:

S op

“Ocdp a¢’

Using the dimensionless coordinates x — (x — V1)/d and
t — tv/d%, the derivatives in Eq. (A.1) are described by:

M, = cOD($) L (A4)

o 19c &c 1 &c de v eV oc
L v 2 Ye B
ox S0x oxX o2 Ot 52 ot o ox’
e Ve W e Ve
o 5t o 5 Otox  §* Ox?
Substituting these derivatives into Eq. (A.1) leads to:
v Pe  _wWrp 8c Vip d*c v e V de
DG v T A T2 s
ot Ot 5 Otdx 6 Oxr 520t O Ox
1 0 [D(¢) 8c op 1 0¢ 1 8jAT
D — L —= A.
T 5 Ox { 0 8x OD(9) 54 dp o ox| o ox (A5)

If the diffuse interface moves with the constant velocity V,
then Eq. (A.5) looks like:

wV?dc Vaoc 10 Jc dp ¢
o oo §ox [DW’)ax +eODP) 55 e
1 8jAT

— s (A.6)

Multiplying Eq. (A.6) by 6*/D; and introducing the follow-
ing characteristic speeds (see Table 1), and

D,
—L v ==t

vy =
D _L_D7 5 )

one obtains:

V: &c ¥V dc 9 [D(¢) 0 D(¢) 0
V. ge Ve 0 (¢) %, coe) (¢) 9p

(V) Oox> Vi, 0x Ox| D, Ox D; Ox

0 Ojur

- = A.
DL ax ( 7)
Now, one can consider the anti-trapping flux from Eq. (6)
as:
Jar = —ad(1 — k,)c,e"? @, (A.8)
ot

where

Um
u(e, ¢) = pr (1 = Hey)

U RT T

=27 ¢ e(¢) + o Inc—¢ — o Ing|. (A9)
The function €(¢) can be written as:
€+ € Ae

e(¢) ="5—+p(d) 5 (A.10)

2 2
where

2
PU9) = 1 Inlke+p(@)(1 ko)) — 1, (A1)

and Ae is given by Eq. (19). After substitution of Egs.

(A.10) and (A.11) into Eq. (A.9) the function u(c,q)

becomes:

c/e

u(c,¢) =1In . A.12
e d) = I T =) (A2

In this case, the anti-trapping current might be written in

the form:

. c/c ¢
Jar = —ad(l = ke S T %) o
= adécO(¢) a(;f (A.13)

Using the dimensionless coordinates and substituting the
flux (A.13) into Eq. (A.7), we get:

V de d ~ V2 de
i)t

+ 5 (o TP 1)
14 do
X oo G (A.14)

where we took into account that the functions ¢ and ¢ are
the functions of the only variable; therefore, the full deriv-
atives are used. Eq. (A.14) is used for the numerical solu-
tion of the solute-trapping problem.
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