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I'maBa 7

KOJIEBAHUNAA

Konebanus — 310 0MH W3 caMbIX BayKHBIX pa3/iesoB (Gpu3nku. B HEKOTOpOM cMbICTe, BCe
CYIIECTBYIOIIEe MPeJICTaB/IsgeT co0Oi KaK pa3 He KOHCTPYKIUU U3 «MaTePUATBHBIX TOYEK»,
a MMEHHO COBOKYIHOCTH KoJjiebanuii. XoTs MeXaHudeckKue KoJieDaHusi, KOTOPbIMH Mbl Ceii-
Jac 3aiiMeMcst, MOT'YT 1TOKa3aThCsl JJOBOJIBHO YACTHBIM CJIyYaeM JIBUZKeHUs, HO IIPUMEHSsIEMbIe

MeTObI 1 MHOTHE 3hMEKTHl Te Ke caMble B JIPYTUX pa3jenax (pu3uKH.

7.1 VYpaBHeHue koJjebanmii. Yacrora m mepmos, aMILIu-
Tyaa u ¢asa

[Ipocreiimuii ciyvaii KojiedaTeIbHON CHCTEMbI — Macca M Ha MPYyKuHe, uMmerornieil Koahdu-

IUEHT YIPYyrocTu k. YpaBHeHHEe JTBUZKEHUS:

dv I d’x
m— — —RIT nJin m—-
dt pom 4t

910 — mudpdepeHnuaabHoe ypapaenne. OO03HaYEHNE TPOU3BOIHBIX 110 BPEMEHN TOYKAMUI

= —kx, wmmm mi=—kx. (7.1)

HaJ1| OykBoit BocxoauT K Hbiorony.

13 ombITa BUJTHO, UTO BHZKEHUE TEJIa IePUOTHIECKOe (TOBTOPSIONIEecs).

[TosTOMYy, 9TOOBI PEIIUTh YpaBHEHHE, IIONPOOYEM MEePUOTHIECKYIO (DYHKIIHIO,

1
xorst 661 © = Acos(wt) . Torma L/
1
&= —Awsin(wt), &= —Aw?cos(wt). xi
[Toacrapnaa B (7.1), BUaAUM, 9TO ypaBHEHHE BBIIOIHACTCH, ecin w? = k/m mg
npu o6oM 3Hadennn A. Benmunmna w HasbBaeTcs 9acTOTOl KoseGanuii
(MHOTIA KPYTOBOI 9acTOTOIN). Puc. 7.1.

Jpyroii mpuMep — MareMaTHYecKuii MasTHHK, TO eCTh TeJ0 Ha HUTH JyuHbl L (puc.
7.1). Tlpu orkjoHeHWH Ha Masblii yron ¢ = x/L wuarsxenwe T & mg, BO3Bpalaromasi
cuna F = —T¢ = —mgzx/L . Tlony4yaem ypaBHeHue

. mg
mi=———-x.

L
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OHO TMOXOAUT HA ypaBHEHHWe Jisi NPY:KUHBI ¢ 3amenoil k wa mg/L. Tlomoiiner takoe ke

perienne, yacrora w = +/¢g/L . Boobuie ypaBHenue Buia
pi=—¢§-x
C TOCTOSHHBIMU & W /i WU S5KBUBAJCHTHOE eMY
i=-w’1, (7.2)

rie w? = £/p, naspiBaercs ypasHeHHeM KoJsebanwmii. Ec/in y1anoch noayuuTh ypasHenue
KoJIeDaHMil, 3HAYUT, YK€ HalijleHa JacToTa.

He obsa3arenbno ynobHa auHeiinas Koopaunara x . g dusmdaeckoro ma-
ATHUKA (puc. 7.2) ¢ MOMEHTOM WHepIuu [ OTHOCHTEJIHHO TOYKH IMOJBECA U C

IEeHTPOM MacC Ha paccTogHuu L OT 370l TOuKH L/

le =1 =—mgL - ¢, !
u gacrora w = \/mgL/I. Ilepuon kosebanuii T HAXOJUTCS U3 YCIOBUS
WwT =2, T =2n/w. NHorna 4acroroii (HO He KPYroBOil) HA3BIBAIOT U = Puc. 7.9
1/T = w/27 (uaucio xKoaebaHuii B CEKyHIY ). o
C rmem ke ycrmexoM K ypaBHenuto (7.2) nogoiizer pemenne Bsin(wt), a takzxke Jobast
cymma x = Acos(wt) + Bsin(wt) . [loctognasie A u B ompeaessiiorcs HAYATIbHBIMA YCJIO-
BUAME (HAIIPUMED, KOOPAUHATON U cKOpocThbio Maccel m). [Ipu t =0  x(0) = A, ckopocThb
#(0) = —Bw. Ecan orrsinyTh npyzkuHy u B MOMeHT ¢ = 0 OTmycTHTH Ipy3, Oyaer IucThbiii
KOCHHYC, a IPU KOPOTKOM TOJIYKE U3 MOJIOKEHUsI PaABHOBECHS — YUCTHINA cuHyc. Bo3aMoxkna
napyrag 3anuchk: x = H cos(wt — ). [Ipu srom H uHazpiBaloT ammnauTymoit, ¢ — da3oii

kosiebanmii. [lepeBos B mepByo dopmy:
H cos(wt — ) = H cos(wt) cos ¢ + H sin(wt) sin ¢ ,

tak ato A = Hcosy, B = Hsinp. Obparubiii nepeBo/:

cos(wt)

A B
Acos(wt) + Bsin(wt) = VA2 + B2 . (\/ﬁ + N sin(wt)) ,
orkyna H = A2+ B2, cosp = A/VA2+ B2, sing = B/VA?2+ B2. TlockoibKy
KBQJIPAThl MOJIYIEeHHBIX COS(@ W SiN @ B cyMMe JaloT 1, Takoit yroa ¢ AeficTBUTETHHO CY-
mecrByer. Kopoue, tgy = B/A.

Ecmu BeoMuuTh mpumep 2 u3 m. 1.4 (cTp. 22), BHIHO, YTO BpAIIEHHE MO OKPYZKHO-
CTH MOXKHO TPEJCTaBUTH, KakK jaBa Kosmebanus x = Rcos(wt), y = Rsin(wt). Tak kak
IEHTPOCTPEMHUTETHLHOE YCKOPEHNE TPOMOPIMOHAIBHO PA/INYC-BEKTOPY W HAIIPABIECHO TTPOTH-
BOTIOJIOXKHO, JJISI © W Y TOJIYYNTCS ypaBHeHHe KOoIeDaHMl — COCTABIISIONIAs BO3BPAIIAIONIE
CUJIBI TIPOIOPIUOHAJIBHA CMeIeHn0. Eeam cpa3y He J0TajaThbCd 0 pelleHus ypaBHEHUd

KoJ1e0aHmil, MOXKHO OBLIO UCIOJIbL30BATH 3TH COOOpPaYKEHMSI.
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7.2 YpaBHeHHUe 3Heprum Ajd KojgedaHmil. 3aTyxaHune

Jlsist Macchl Ha NPYyZKUHE 3aKOH COXPaHEHUsI SHEPTHH

-2 k 2
% + % = E = const . (7.3)

Ananoruano JJIA (I)I/IBI/I‘{GCKOI‘O MadTHHUKA

19202 + mgngOQ = FE = const .

(IMorennuanbuas sHEprusi — ynpoiienHoe Bhipazkerne mgL(1l — cosp) st ManbiX yIaoB).
Boobme, wHorma ymobHee mucarh BMECTO ypaBHEHHs KojebaHuii ui = —E&xr ypaBHeHHe
SHEepPruu:

,u_jc2 + §_x2 =L. (7.4)

2 2

13 mero Tak:Ke cpa3y HaxojuTcs dactora: w’ =&/ .
IIpumep: BycuHKa CKOJIL3UT 10 MPOBOJIOKE, H30THYTOI B Buje cuHycouanl y = —Y cos(kx) .
[Ipu MaibIX o moTeHNmEadbHag sHeprua U = mgy = —mgY + mgY k?z*/2 | kunerndaeckas

mi?/2 . Tlepsoe cjiaraeMoe B HOTEHIUAILHON SHEPIUU OCTOAHHO U HECYIIECTBEHHO, TaK YTO
mi?/2 + mgYk?z?/2 = E u yacrora w = \/gkY .

Hekoropeix cmymaer, uro F memssectra. OHa M He HyzKHA /I HAXOXKJIEHASA JACTOTHI.
i1 rapMOHTYECKUX KoJjiebaHuii, TO eCTh Jijisi TAKUX, KOTOPbIE OIMUCHIBAIOTCS JINHEHHBIM
ypaBHeHueM jBuzkenns (7.1,7.2) win 3akoHOM coxpaHenus: sueprun tuna (7.3,7.4), gacro-
Ta W He 3aBUCHT OT 3Hepruu (To ecrb aMiinTyael). Ha 3T10M M ocHOBaHO TNpHMeHeHue
MAATHUKA U JAPYTUX KOJeOATENTbHBIX CHCTEM B Yacax.

Cpennsist kumernmdeckas sueprus (mi?/2) = mw?A?(sin(wt))/2, norenmuambHas
(kx?/2) = kA%*(cos®*(wt))/2. Scro, uro (sin?(wt)) = (cos?(wt)) = 1/2. Tosromy cpemnme
KUHETHYeCKasi W TOTEHIHAIbHAS SHEPrusl IPU FapMOHUYECKUX KOJeOAHUSIX PaBHBI (1 06e
paBubl F/2).

Konebanust Tesia Ha npyzkune mocreneHHo 3aryxaior. [Togemy sro npoucxonur? B ypas-

HEHUU KOJIeDAHUT ydTeM CUJIy TPEHUs:
mi=—kr=bt wm i+2yi+wlr=0.

b HasbiBaeTcst KO3 duimenToM (BA3KOro) Tpenus, vy = b/2m — koaddunmenTom 3aTyXaHU.
KOHe‘{HO, 6bIBaIOT u JApyrue 3aKOHbI TpEHUA, HO IIOKa OI'PaHUYIUMCIA ITUM.
[TycTh TpeHue MaJio, TaK 4TO KOJeGaHUs 3aTyXalT MeJIeHHO. JHeprus 0y1eT MeIJIeHHO

YMEHBIIATHCS (MePeXOUTh B TEILIO):

2 2
AE:—/bx'dx:—/bvd—xdt:—b/zﬂdt:——b Tt
dt m 2
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[Ipu majioM TpeHuHm MOYXKHO B34Th MHOI'O MEPUOJIOB KOJebaHUil, B KayKJIOM U3 KOTOPBIX

KHUHETUYIeCKasd SHeprud KoJ1ebIeTcst BOKPYI' IOJIOBUHDbI HOJTHOM dHeprumn E, TaK YTO

[(mv?/2)dt ~ (mv?/2) [ dt = (E/2)At. Torna

AFE dE E
= = —2vAt,  wm 7= —2ydt, = In (fo) = -2t, E=FEje 2",

DHeprus KojaeOaHuil 3aTyXaeT SKCIHOHEHIINAJIbHO. AMIUIATYIbI CKOPOCTH W CMEIIEHUs TPO-

HOPIUOHAJBHBL V E | Tak 4To
—t —t
Vmaa: - %6 7 ) Tmaz = To€ R

Mpl HamM, Kak W3MEHSeTCs aMILTHTYAa CKOpocTH. Temepb MOMXKHO yraJaTh pelleHue
ypaBHeHUsd Kojebanuii ¢ TperueM. [lompodbyem mompocTy KosedaHnue ¢ yObIBalomeil aMILTH-
TYJIOM:

r = Asin(Qt)e |

e ) m k HAJO0 OHpEeIeTUuTh TaK, YTOOBI 3TO PeIIeHne yI0BIETBOPSIO ypaBHeHNO. Borauc-

JIdeM IIPpOU3BO/HbIC!

b= AQcos(Qt)e ™ — Aksin(Qt)e
= —AQ%sin(Qt)e™™ — 2A0k cos(Qt)e M 4 AK? sin(Qt)e " .

HO,ILCT&BJIHGM B YpaBHEHHE!:
—AQ%sin(Qt)e ™™ — 2A0k cos(Qt)e ™ 4 Ak? sin(Qt)e "
+27(AQ cos(t)e ™ — Ak sin(Qt)e )
+w?Asin(Qt)e ¥ =0

Cokpamaem Ha A mwHa e M

(=2 + k* — 29k + w?) sin(Qt) + (—2Qk + 290Q) cos(Qt) = 0 .

J1o/T2KHBI 3aHYISITHCA CKOOKH IMPH SN U COS OTJIeJIbHO, HHAYe BBIHIET He HY/b, a (OYHKIUSI

Bpemenn. Orcioga k=7, = \/w?—~?, 1 NOJHOE peIleHHe:
r = Asin(y/w? —12-t)e " .

BaBpemst 7 = 1/v, Ha3biBaeMoe BpEMEHEM YKU3HU KOJIEDAHMIA, aMIIUTY/Ia Y MEHBIIAETCS
B e pa3 (10 36%). Takoe pemenne Oyaer npu peskom Tosrake (x(0) = 0, puc. 7.3).

Ecim tpenue Besmko, 7 > w, nojgydaercs MHEMOE §) (KOpPEeHb M3 OTPHIATEIHHOIO
qncia). PU3MIecKn MOKHO OKUJIATH HCUE3HOBEHUs KoueOanuil (mpeacraBum cebe MasTHUK

B xucesie). [lonpobyem npocto = Ae " :

(k* — 2ky +w?)Ae ™™ =0 .
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A/\/\/\/\A;
VA

XA
X

4

A |

Puc. 7.3. Puc. 7.4.

Haxomum k = v 4+ /7% — w?. UMeercst, 3HaUuT, JIBa PEIEHUS:

— _ 2__ 2 _ 2__ 2
x=Ae Ve VIt g x = Be VeV

[TockoJibKy ypaBHEHHE JIMHEHHOe, CyMMa perieHuit Toxke Oyjer pemrenuem. /[1s1 HavabHOTO

yeaoust x(0) = 0 MOXKHO HAIHCATD

VPRt _ /Rl
r=A e "' = Ash < v — uﬂt) e .

¢ mpousBoJibHON ammurynoit A (puc. 7.4). @yukuns sh(z) = (e — e™*)/2 uasbBaer-
s TUTePOOTMIECKIM CHHYCOM. 3aMETUM, 9TO W3 U3BecTHOU dhopmyssl Ditnepa exp(ir) =
T

cos T+ sin z mostyuaerca sin x = (€' —e ™) /2i u pemenue npu 7y > w (HOPMATBHO CJIEYET

U3 KOJIeOATEeJIbHOIO.

7.3 BroinyxKaeHHble kKojebannda. Pe3onanc

CBoboiHbIe KOJTeDaHus 3aTyXaoT. IToOBI KOJIeOAHUS TPOIOIKATNCH HEOTIPeIeIeHHOE BpeMsl,
Hy2KHa BBIHYZKTatotmas cuia. OcoOblit HHTepec MpeIcTaBigeT Ciia, ToKe HMeolnas Kojeba-

Te/IbHBI xapakTep. CHadasa myCcTh 3aTyXaHUS HET:

. Fy
i+ w?r = — cos(Q) .
m
Pemenne ecrecrBenno monpobosath B Buge x = Acos(Q2t) — ¢ 9acToToit BHIHYZKIAMOIIEH

cubl. IlomcraBiiseM:

F
(=02 + w?)Acos(Qt) = EO cos(Qt)

Fy
m(w? —Q2)°

Bast, COCTOsAIIAst U3 JABYX Berseii). Ecim BoIHYKIaM0MAas 9actora MeHblle COOCTBEHHON W,

u ammuryga A = Basucumocts A(S)) mokazana Ha puc. 7.5 (CILUIONIHAS KDPH-

HAIIPaBJIEHNEe CMEIIeHnsT W BBIHYKIAoIel cuabl coBmagaoTt. Eemm xe () > w, To T u3-
MeHsgercs B npotuBodase ¢ F'. Ho Beab W3 cOCTOSHUS TMOKOSA TEJIO JOJ?KHO JBHHYTHCS B

Hamnpapiaenun F'!



100 I'napa 7. KOJIEBAHNS$I

DTOT MapaJgoKC PEeIaercsd y4eToM HadaabHBIX yeaoBuii. K moaydeHHOMY pereHuo, co-
BCEM HE€ 3aBUCAIIEMY OT 3TUX yCJ’[OBHfI, MOZKHO ,ZLO6aBI/ITb IIPpOU3BOJILHOE pelnienue, OInuchbiBa-
foree ¢BOGOIHBIE KoTebanus (¢ 4acToTol w). DTy-10 106ABKY U HAJIO MOA06pATh, YTOOB Ha-
JaJIbHBIE YCJIOBHS BHITOJHUINCH. PeabHO ecTh MaJioe 3aTyXaHue, 1 COOCTBEHHBIE KOJTe0aHus
Yepe3 HeCKOJIBKO BpeMeH KH3HHU 3aTyXHYT. K coKaJIeHHIO, 9TO paccykK/IeHnue He JeMOHCTPH-
pyeTr HalJidJaHO CMeHbI HallpaBJICHUA KO.He6aHPIﬁ IIpn yBeJIMYEHUN YaCTOTHI BbIHy}K,Z[aIOITleﬁ
CHUJIBI, & CKOpPee pa3perraeT TaKyk BO3MOKHOCTD. 3aT0 JIEFKO YOeIUThCs B TAKOI CMeHe 3HaKa
9KCIIEPUMEHTAIBHO, pacKaduBas MAATHUK 3a TOUKY MOJBECa OBICTPO JITOO MeJTeHHO.

Kak mpaBmio, Hac He MHTEpecyeT 3HAK aMILTATY/IbI A ‘
koJiebanuii. Ha puc. 7.5 nyHKTHPOM 1OKa3aHa abCOJIIOT-

Has BeJIMYUNHA aMILInTy bl npu {2 > w. Bmecte ¢ «3akon-

HEYHOU BBICOTBI. Buanmm, uTo mpum dacrore, OJU3KOI K A

0

OYeHb BeJIMKA. JTO sIBJIEHHE HA3BIBAETCsl PE30HAHCOM. 0 Q’

|
|
|
1
HBIM» yaacTKOM (£ < w) rpaduk cojepKuT nuK 6ecKo- I
|
COOCTBEHHON YaCcTOTe CUCTeMbl, aMILIMTYIa KoJebaHuii I

Masasi cuia criocobOHa B pe30oHaHCe packadaTh JIFOOYIO

cucreMy. MOKHO, HAIIPUMED, TOIHITH I'Py3 JI0OOTO Be-

ca, IOJIBECHB ero Ha BepeBKe M JeHCTBYsd B TaKT COO-
CTBEHHBIM KOJIEOAHUSIM.

enepb yuTeM 3aTyXaHHe:

E
i+ 2vi + w?r = —2 cos(Qt) .
m

Ecmu 6bl ciaraemoe  2yi JOMHHHDPOBAIO, KOOpAWHATA Oblia Obl  ~ sin({2t), To ecTb
capunynach Ha w/2 mo daze. Ecau 3aTyxaHue He CTOJh BEJIUKO, HABEPHO, U CABHUT OY-
ger menbrre: = Acos(Qt — ). Tloacrasiasem, UCHoib3yst CeKPeTHOE NPeodpasoBaHme
cos(Qt) = cos(U — o+ ) :

A= +w?) cos(Ut — ) — A27Qsin(Qt — ) =
F F
“Peospeos(Q — ) — —Zsinpsin(Qt — )
m m
Ongare oTAeTbHO HAJI0 ypaBHOBeCHTh cos(2t — ) u sin(Qt — ) :
F F
A2 +w?) = Zcosp, 2470 ="Lsing.
m m

Orcrona
2~€2

Fo/m
Wi T

VW =2+ (2907

I'padux A(2) HasbiBaercsi pe3oHaHCHOI KpuBoit (puc. 7.6). [Ipu mamom ~ — ca-

MBIif MHTEPECHBIH Cydail — BTOpoe cjaraeMoe I0/i KOpHeM HecyIeCTBeHHO, eCJIU TOJTbKO w

n () He CpaBHHBAIOTCI. 3aTO IPHU PE30HAHCE MMEHHO TPEHHEe OTPAHUIHBAECT aMILIHTY/LY;
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npu 2 =w A= Fy/2myw (pe3oHaHCHBIH MUK OPU ydeTe TPEHUsI UMeeT KOHEYHYIO BbI-
cory). [llupuna nuka AS) onpezessiercsi 0ObIYHO U3 YCJIOBHUS, 9TO CJAraeMble 0/ KOPHEM
omuHaxoBsl (yposenb 0.707 = 1/4/2):

W= P r20A0 =290, AQ=~.

B sroit :xe pe3onancHoit obacTn pe3ko Mensiercs da- A A
30BbIil casur. Korma () 3aMeTHO MeHDIEe COOCTBEHHOIR

9acTOTHl (HA HECKOJIBKO 7 ), TO ¢ <& 1, IpH TOYHOM

pesoHance ¢ = 7/2, anpu 2> w ObICTPO NPUOIHKA-

V2

ercd K 7. Takum oOpaszoM, TpeHue cjejyerT yIuThiBaTh

nubo B hase, mubO B mporuBodaze ¢ BBIHYZKIAIOIIEH A

|
TOJILKO BOJIM3H pe3oHaHca. Bianm ke Komebanus Oy1yT |
CHJION, KaK MBI yzKe OTMedau. AMILIATYIa TOXKE IIe- 0 |

pecTaeT 3aBHCEeTh OT < : cpaBHUTEe puc. 7.6 m puc. 7.5

b\l

Jutst Momyatsi | Al . 3aryxaHue HmOmpocTy OrpaHudHBaeT 4,
OeCKOHEUHBIiT UK puc. 7.5.

Puc. 7.6.
Pesonanc ObiBaeT Kak MoJie3eH (My3bIKaJbHbIE HH-

CTPYMEHTBI, PAHOCBS3b), TaK U HeXKeJareseH (CTPOeHHsT BO BPEMSs 3eMJIETDSICeHNU] ).

7.4 HeycroiitunBocTh

Konebanusi, kak Mbl BHJIEJIH, TTPOUCXOAAT BOKPYT HOJIOYKEHUS YCTOYNBOro paBuosecusi. Ho
OBIBAIOT PABHOBECHS U HEYCTOWYHUBBIE, N3 KOTOPBIX CUCTEMA BBIXOIUT CAMOIPOU3BOJIHHO. UTO

MOYKHO CKa3aTbhb O JBUZKEHHUH IPH TaKOW CUTyaIun’

Puc. 7.7. Puc. 7.8.

[Tpocreitinuii npuMep HEYCTOWIMBOCTH — MasiTHUK BBepX 1oJioBoil (puc. 7.7). Huth, Ko-
HEYHO, HE IOJIUTCA; MacCa 1M yKpelJeHa Ha CTepPKHe, KOTOPLIA MOXKeT BpallaTbCd BOKPYT

HIZKHell TOYKH. ypaBHeHI/Ie JABHUZKeHUd MaCChbl 1M IpU MaJIOM OTKJIOHEHUHN OT BEepTUKaJIN:

. mg .9
mir = —X i r=—-r=7%7.

L L
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YpaBHeHue 1moxozke Ha ypaBHeHHe KoJjieOaHuil, HO 3HAK B IIPaBOil 4acTU JIPYroil — cujia He
BO3BPAIIAET, & YBOJAUT MACCY W3 MOJOXKeHHsT paBHOBecHs. MOKHO HCIIOIB30BATH W YHEPreTH-
deckuii oaxo/. Hampumep, mycTh nMmeercs Teao Ha MIAIKOii BO3BBIIEHHOCTH, (hOpMa KOTO-
poii 3amaerca ypasuennem y = —(k/mg)-(z*/2) (puc. 7.8). @opma ko3 dbunuenta BoIGpana
TaK, ITOOBI MOTEHIUATBHAS YHEPTUs BhIpazkasiach mompome: U = mgy = —kx?/2. 3nech
k wmeer pasmepHoCTh KOI(DbUIMEHTA yIPYTOCTH U ONUCHIBAET KPUBHU3HY I'OPbI B BEpXHEH
Touke. JIjis epeBepHYTOr0 MasiTHUKA 1IPH MAJIOM OTKJIOHEHHH T CMEIeHHe 110 BePTHKAJIM
y = x*/(2L), n skBuBasienTHOE 3HadeHne k = mg/L . Torma npu MajbiX OTKJIOHEHHAX
mi®  ka?

T—TZE: const .

OnsiTh, 32 HCKJIIOYEHNEM 3HAKA, TOXOYKe HA YPABHEHNE SHEPIHH JII KOJTeDaHuil, HO Py KIHA
Kak OyITO mMeeT OTPHUIATETbHYIO YKECTKOCTD.

[Toxoxke, uTo JBa KOJebaTe/JIbHBIX pellieHuss — Sin u  cos — He nojoiayrt. 3 nebora-
TOro Habopa M3BECTHLIX HaM (DYHKIUII HETPYIHO H3BIEYL TAKyi0, Y KOTOPOil IMPOM3BOIHAL
IPOTIOPIIMOHAIBHA caMoit (PYHKIHH. DTO, KOHETHO, SKCcHoHenTa. IIpobyem x = Aeb | rme b

noka weusBecTHo. [lojcraBisieM B ypaBHeHue:
2 4 bt 2 4 bt
b Ae” =~y Ae™ |

orkyra b = +v. Ammmuryna A cokparujiachk W, 3HAYAT, MOYKET ObITH JIFO0As — MOYKHO
TepsATh paBHOBecue ObicTpee nmian MejenHee. Kosddurmuenr v pasmeprnoctu 1/c¢ (kak uy
9aCTOTHl KOJIeOaHN W), HA3BIBAETCSI MHKPEMEHTOM HeyCTOWIHBOCTH.

Kak n n1a xonebanmii, ecth apa pemenus: Be "' u Ae’ . Dro orroro, 4ro ypapHe-
HHE BTOPOrO MOpsijiKa (BXOMUT BTOpas mpousBogHas). Ilocrosmabie B u A wHaxomgrcs
U3 HAYaJbHBIX YCI0BUil. B ornune or ciydas KojieObaHuil, 3Tu JBa PeIieHus COBCEM HEIO-
XOXKHU: OJIHO pacTeT cO BpeMeHneM, Jipyroe yobiBaer. [IpakTudyecku HEBEpPOSITHO, YTOOBI NpH
HEeHYJIeBbIX HAYaJIbHBIX ycjioBusx moayamiock A = 0. [losromy meycroitauBocTh, B 001IEM,
BO3pACTaEeT CO BpeMeHeM.

Dto Bo3pacranue ObicTpoe. Hepe3 xapakTepHoe Bpems T = 1/ HavagbHAasg AMILIH-
Tyla Bo3pacTeT B e = 271828... pas, 4wepes 27 B > =~ 7,3 pasa, uepes 37 —
npumepuo B 20 pa3, m T.j. [lycth MbI XOTUM TOCTaBUTHL KapaHJAll Ha OCTPbIA KOHEI.
Hns wero Bpemst 7 ~ /L/g = 0,1 c¢. Ecan craBuTh 0OYeHb aKKypaTHO, MOYKHO BbI-
JlepKaTh BepTHKAIL ¢ TodHOCTRIO 10 0,05 mMm. Takoro mopsiaka Oymer ammaurymza A —
npu B = 0 3T0 mompocTy HadaJIbHOE OTKJIOHEeHWe. byaeM cunTarh, 9TO KapaHIall yIral,
ecan OTKJIOHeHWEe BepXHero KOHIA JOCTHIVIO D €M, TO ecTh Bo3pocao B 1000 pas. Torma
/T =10, t=17-3In(10) = 7-3-2,3 = 7r. Teneph ¢ NOMOMILIO PASIUTHBIX TOPOTHX
npubOpOB ycTaHOBUM Kapaujail emnie Tounee — B 10 pa3. Bpems majienusi yBeJIMIUTCS BCETO
Ha 2,37 . JlaxKe ecm MOXKHO JOOUTHCA TOUHOCTH IOPSAIKA aTOMHBIX pasmepos — 0.5-107%

CM, 9ITO BOODINE-TO COMHHUTETHHO, moayantcs Beero 7 - 91n(10) ~ 207 . Snaunt, Kapanar
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HUKOTJIA B YKU3HU HE TPOJIEPKUTC JI0JIbIINe JIBYX ceKyH/ 1. [Ipu 3roM ero BoBce He Haji0 KOMy-
TO TOJIKATh; OH MMPEKPACHO yHaJeT caM. A ec/ii ero BBICTABUTH «UJI€AJTHHOY, TO €r0 BHIBEIELT
13 paBHOBECHS JTI000€ JIYHOBEHHE BO3/IyXa.

B obmem MoXKHO cKa3aTb, YTO BpeMsl Pa3BUTUs HEYCTOINYHBOCTH BCErJa MOPIIKA
HECKOJIbKMX XapaKTePHBIX BpeMeH 7 = 1/7. DKCHOHEHIUAIbHBIH POCT OUeHb OBICTPHIIL,
U JIjIs JIOCTHZKEeHUST 33JaHHOI0 YPOBHS OTKJIOHEHUsI OT PaABHOBECHSI HYZKHO BPEMs, MOYTH He
3aBUCSIIEEe OT ITOTO yPOBHSI.

Poct nacenenus 3emytn — ToKe cBoeoOpa3Has HEyCTONINBOCTh. Eciu oHO yaBamBaeTcs,
cKazkeM, 3a 25 jeT, To 3a 50 yugerBepurcd, a 3a 100 — Bo3pacter B 16 pa3. Bpemsa ynBoenus mis
YDaBHEHHUsI, OMUCHIBAIOIIEr0 HEYCTONIMBOCTh, paBHo In2/v &~ 0,7/v. B neiicrBurenbHocTn B
HACTOSIIEe BPEMsT POCT HACEJIEHUsT 3eM/IU MPOUCXOIUT e1e ObICTPee. ITO MOKHO OObSICHUTD
TeM, YTO CO BpEMEHeM BO3pacTaeT JI0Jd OBICTPO Pa3sMHOMKAIOIIMXCS I'pymn. B pesynbrare
kodddunmentT vy pacrer co BpeMeHeM. Kaxkaoe mocjemayrolnee yaBOeHHe TpeOyeT MeHbIIe
BPEMEHH.

DKCIOHEHIINATHLHO PA3BUBAIOIIHUIICS MTPOIECC BCKOPE MPUOOPETAeT XapaKTep B3PhIBA. DTO
UJLJIIOCTPUPYETCS U3BECTHOW MHMICKOI Jieren ioil 06 uzobperaresie maxmar. Myaper B Ka-
YecTBe HarpaJbl HOIPOCUHI IOJOXKUTH Ha OJHY KJETKY JOCKH 3€pHO, Ha BTOPYIO — JiBa, HA

264 _ 1 ~ 10" 3epen, mwan nopgaaka 3 - 10U

TPeThbio — YeThipe, n T.J. Bcero monamodurcs
tonH. /laxke ceitaac Ha 3emiie rogoBoil cOop 3epHa MeHbIne npumepHo B 300 pas.

To ke camoe moJiyunm, Hailjiss BpeMs JOCTHKEHUS JAHHOTO YPOBHSI:
t=71-In(z/x) .

[Tpu GOJTBITOM OTHOIIEHUN I/X( BPEMs MOYTH He 3aBUCHT OT 9TOTO OTHOIIeHus. Hanpuwmep,
upu z/xo = 10° nosyunm = 147, a nupu pocre aprymenta eme B 100 pas Gyger = 18 471
— Beero na 30% Oosbime. Jlorapudm n momKen MeHdaThCa c1abo, Kak obparHas (yHKIMs
K OBICTPO MeHsIoIIeiicsa dKcrnoHeHTe. ¥y (PU3MKOB JgazKe ecTh MOroBOpKa: «Jlorapmdpm — 310
He Gyukugy. HacTto mogaBagroTcsa JorapudMIIecKue pacXoIuMOCTH, HO UX HUKTO yiKe He
yTaeTcsl, TaK KaK BCEIJIa MOXKHO OTPDAHUIHUTH aPIYMEHT, IPUYeM He OUeHb BayKHO, Ha, KAKOM
YPOBHE: JOCTATOYHO ONEeHKH. Bo3Bpariasich K 9KOJIOTUN, OTMETUM, ITO TPU IKCIIOHEHIHAJb-

HOM poCTe 3KOHOMHKH (Ha « mnpomentos B rojg: e%0lt)

BpeMs HCUYepHaHusd IIPUPOTHBIX
PeCypCoB PaBHO HECKOJBKUM XapakTepHbiM BpeMenam 100/« He3aBUCHMO OT KOJHYECTBA
9TUX PECypPCoB.

Pasymeercsi, Hukakast HEyCTORUYMBOCTD HE MOZKET PA3BUBATHCS SKCIIOHEHIIUAIBHO JIOJINOe
Bpems. Hanpumep, majgaroniuii Kapanjant He MOXKET UMeTh ycKopenue Oosibine ¢. [Ipu ne
MaJIOM yIJle HaKJIOHA JINHeiHOe ypaBHEHUe NepecTaHeT BBINOTHATHCA. Bedkas HeycToldn-
BOCTb B CBOE€ BpeMs MEPeXOIUT B HeJUHEUHYI0 cTaguio. OOBIYHO MPH 3TOM SKCIOHEHIHATb-
HBIIl POCT CcMeHsieTcsi 0oJjiee MeJJIeHHBIM CTEeIleHHBIM, XOTs ObIBAIOT 0OpaTHBIE MPUMEPHI —
CaMOYCKOPSIIOIINECs MPOIECChl TUIA TeIJIOBOTO B3PbIBA WJIM I'PABUTAIIMOHHOTO KOJLJIAMCA.

CxomcTBO ypaBHEHWST HEYCTONIMBOCTH C yPaBHEHMEM KOJEOAHU 3aCTyKIBACT OTALTHHOTO 00-

cyxenns. Mpl MoxkeM 3aMernTs 72 Ha —(i)?, rae i — 310 MEMMas equHUIa. Torma moaydaercs
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ypasuenwue, 1o (popme KoJiedbaresbHoe
i =—(in)’x,

HO € MHUMOI 9acToTOl w = 4y . POpMAIbHO MOXKHO MCIOIBL30BATH «KOIEOATETHLHBICY DEITIeHUsT
tuma, sin(wt) n cos(wt) . MockoabKy, mampuvep, cos(wt) = (et + e~ /2 1o mpu MuMMOIT wacTo-
Te KaK pa3 MoJaydaTcs JeifiCTBUTebHbIe SKCIOHEeHThI. OOpaTHO, Koaebannsd MOKHO PacCMaTPUBATD
KaK <«HEyCTONYMBOCTH» C MHUMBIM HHKpeMeHTOM. B ofiem ciydyae ypaBHEHHe MOXKET COJep:KaTb
«9aCTOTY», UMEIOILYIO0 KaK /[efICTBUTEIbHYIO, TAK U MHUMYIO 9aCTh, KaK OBLIO JJIsI 3ATYXAIOIIUX KO-
nebanuit. deiicTBurenbruas obecrieunBaer KosiebaHus, MHUMas B 3aBUCUMOCTH OT 3HAKa — 3aTyXaHue

WM POCT HEYCTOUYMBOCTH.

ITpunoxenune 1. Moaenb TpeHUd

Jtst jrydinero moHUMaHUsT 32Ty XaOMMX KOJIeOaHWi 0JIe3Ha, OU9€Hb TIPOCTasi MEXaHUIeCKask MOJIE/Th
ciaaboro Tpenwus. [lycTts mMacca na mpyKuHKe, MPOXOJId MMOJIOKEHNE DPABHOBECHUS, TJI€ CKOPOCTH V'
MaKCUMaJbHa, BCAKNN pa3 yOpyro yaapsgerT Mablii rpy3uk Am . [py3uk oTieraer ¢ yIBOEHHOI
ckopoctbio 2V u yrocut gacth ummnynbca: Ap = 2V Am; cpequsia cuna 3a mepuon F ~ 2V Am/T
Kak pa3 nponopiuonaabua V , npuaem b = 2Am/T .

Ckopoctb Tesa mocse mepsoro yaapa Vi = Vo —2VpAm/m = Vy(1 —2Am/m) . Ilocae Broporo
oymer Va = Vi(1 — 2Am/m) = Vo(1 — 2Am/m)?, a mocme n ymapos (mepmomos) V,, = Vp(1 —
2Am/m)™ . Mpl yxKe 3HaeM, KaK BO3BOJUTEL 9nCyI0, Oau3koe K 1 ( Am < m ) B GOJIBILYIO CTENEHD.
Bunom Heiorona 371ech He 1oauTCst, Tak Kak npu n > 2m/Am 1ojyduTcs OTPUIATEIbHOE TUCIIO.
[Tepenmiiem BBIpazkKeHMe B BUE

Vi = 1——

m

- —(2Am/m)-n
9 m/2Am
0 ( Am)

B kBagparHOil CKOOKe Tosyuaercs 4mucao e (3amedarenwubiii npegen). Ilosromy — V, =

Vo exp(—2Amn/m) wun, ecan Boipazute Am u n=1t/T,

V(t) = Vo exp (—%)

[Tokazarens m3-3a rpydbOCTH MOJE/NM 37eCh BABOE OOJIbINE, 9€M MbI MOJYYUIN, YCPEIHsIsT TOTepH

QHEPTrrnn, HO 3aBUCUMOCTH aHAJIOTUYIHAA.

IIpunoxkenne 2. AHrapMoHmyecKne KoJiebaHus

C yBenumuenreM aMILIATY/IbI KOJIeOAHUI BO3HUKAIOT HOBBIE siBjeHUsl. PaccMoTpuM JBa 3apsia ¢,
IpUYeM HUXKHUI 3aKPEIUIeH, a BePXHUil MOXKeT JBUTAThC 10 Beprukaau (puc. 7.9). Ha Bepxnmii

neitcteyer cunal F = —mg + ¢?/2? . Umeercst nooskenwe pasHOBeCHs To = ¢/,/mg . Samumenm

B cucreme CU cuita B3anMo/ieiicTBUS 3aps/I0B coepKuT eme kodbdurment k = 1/(4meg), KOTOPDIi MbI

OIIyCKAaeM JjIsf KPATKOCTH U BO n3OeKaHue IMyTaHUIbI ¢ KOI(MOUIMEHTOM yIPYTOCTH.
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cuty BOJIM3U TIOJIOXKEHUS PABHOBECUSI — IPU T = T + Y, IPUYEM Y MaJIo:

2 2 -2 2 2
q q Yy q q
F=—-mg+ - —5=—mg+—=5|1+— r-mg+—5—2—-y.
AP g ( ) I T

HepBbIe JABa CJIara€MbIX aBTOMATUYECKU YHUYITOZKATCA — 9TO CUJIa B TIOJIO2KEHUN DaBHOBECUA, PA3Y-

Meercd, nyneBad. [lomydaeM ypaBHenne NTBUKEHUS:

U

2
|3
\ / ka? ext
AT 2
' X
Puc. 7.9. Puc. 7.10. Puc. 7.11.

Boobmie, ecn B Touke xg dynkmus F(x) obpamaercss B HyIb, TO BOM3M 310l Toukn F &
(x — ) - (dF/dx)|s, - Ho 910 — TONBLKO MepBOe mpubsmzkenue. VI3BecTHO, ITO TOCTATOTHO XOPOIIIHE

dyukiun pasmaraorca B pgaa Teitiopa:

(x —wo) dF (v —x0)* d*F (x —x0)® d®F
1 dx 1.2 dx? 1-2-3  da3

zo zo o

F(x) :F({L“())-i-

+ ...

BHaumT, CIETYIONHe TPUOIIKEeHAS /I CUTBI COMeprKaT caaraeMble ~ (z — x0)?, 3a mamvu (T —
70)%, 1 T. 1. COOTBETCTBEHHO MOTeHIHMATLHAS SHEPTHs 6Y/eT COepyKaTh TOMPAaBKA ~ (r — z0)®
(z —x0).

Crauasa BeISICHUM (Ka4eCTBEHHO), UTO JIAeT IepBag MOMpaBKa. Y DAaBHEHHE [[BUKEHHsI 3aIlHIIeM,
oTMepdd T OT PAaBHOBECUSI:

F+wlr+br2=0.

[oTenmuanbHast sMa, CTaHOBUTCsT Hecummerpuaroit, U ~ w?x?/2 + bx3/3 (puc. 7.10). Us-3a sroro
[epeKoca TOABJIFETCA HEHYJIeBOe Cpe/lHee 3HAYeHne . YCPeJHsSeM ypaBHEeHHUe, CIUTad, ITO KOOp-
JMHATA — CyMMa TIOCTOSHHON Beimauubl u cunycounbl: « = § + A cos(wt) . [Tomyaaem

A? A?

w26 + b7 =0, wucMmemenue §= _bﬁ )

Takast curyarus OyAeT /i HAIIUX 3apsg0B MPU yUueTe MOMpaBok K cuje. [Ipu 3amerHoit ammiu-
TyJe 3apsiji B cpegHeM Oy/eT boararhes Beime. C 9TOil yKe MONpPaBKON CBA3AHO SBJICHUE TEILIOBOTO
pacmmpenusi. [Ipu TermmoBeIx KoebaHmsax KaxKJplit aToMm cMerraercsi. CyMMa Bcex CMEIeHU gaer
pacrmupenue 06pa3siia, TPOIMOPINOHAIBHOE [IIMHE U KBAIPATY aMILIUTY/IbI KO/Ie0aHmil, TO eCTh dHEP-

run (remmeparype). [Ipu rapMoHIUECKIX KOIEOAHUAX BCErO-HABCETO IMIEBETUINCH ObI DOKa 00pa3ria
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Ha OJHY amIuuTyay A, KoTopash HUKaK He DOJIbINe MeKaTOMHOTO pacCTOsiHUs, T.e. 3(hderT ObLI
OBl HE3aMETEH.

PaccvoTpum ey oIy o momnpaBKy, KOTOPasi BayKHA B CUMMETPUIHBIX MOTEHITMAIBHBIX SMaX.
Hanpumep, /s MasgTHUKA BO3Bpamaiommii momenr M ~ sing ~ ¢ — @3 /6, moTeHIMAIbHAS
sueprust U ~ (1—cos @) ~ ¢%/2—¢*/24 (puc. 7.11). Coorsercrayiomuii Koabdumment ynpyroctn
BpOJIe Kak yMHOKaeTcs Ha (1—p? /6), ecn BLIGpaTh mepBoe Bepazkenne. Cpe/Hee 3HAYCHHE 3TOTO
muoKETeNa 6ymer (1 — ¢3/12). YacToTa MpOMOpIIOHATbHA KOPHIO M3 yIpyrocTn, w = wo(l —
©2/24) . Tlepmon T = Ty(1+p3/24) . Do, koreuno, onenka. Tounas monpaska: T = Tp(1+¢E/16) 2.

[Tepuoy cexynHOro MagitHuka ¢ ammymrygoit 6° ~ 0,1 wsmennrcs va 0,01/16 = 6 - 1074,
3a cyTku orubka 6ygaer &~ 50 c. Koneuno, MOXKHO 3Ty OMUOKY CKOMIEHCHPOBATDH JTMHON HUTU, HO
OHA 3aBHCHUT OT aMILTUTYIbl. KpoMe Toro, Ha TOYHOCTH XO/a BJMSIET TEIJIOBOEe PaCIIupeHue (JITHHA
MaHTHI/IKa) " U3MEHEHUsA ¢ TPU ABUZKEHUU TaCOB.

C pasBuTreM MOpEILIaBaHUs MOSIBIIACH TPODIEMa «IIEePEBO3KU BPpEMEHN». JacChl ¢ TOYHOCTHIO
10~° yxomar Ha 1 ¢ B cyTKH, 3a 3 Mecsana — Ha 90 ¢ = 1,5 Mun. [Ipn acTpOHOMUHUECKOM OIpeIe/IeHIn
mecra Oymer ommubka B 360 - 1,5/(60 - 24) = 3/8 rpamyca mmporst, mwin 40000 - 1,5/(60 - 24) ~ 40
kM. Kak pa3 MOXKHO HajeTeTh Ha KaKue-HUOYIb CKAJIbl, JyMas, 9TO JI0 HUX eme jgajaexo. Masgdr-
HUKOBBIE YaChl B IJIABAHWNM HE TOJATCS; MPUMEHSINCH XPOHOMETPBI C KPYTUJIbHBIM MAATHHKOM,
HEYYBCTBUTEIbHBIE K YCKOpEHUsIM. TerjioBoe paciiupenue, B MPUHITAIE, KOMIEHCUPYETCd. Leneph
TaKOW pOBJIEMBI HET, JII00bIe YaChl MOXKHO MTPOBEPUTDH 110 PAMOCUTHAIAM.

Nurepecna 3a1ava 0 6paXuCTOXPOHE — KPUBOil, 110 KOTOPOil B TI0JIE TSZKECTH KOIeOaHUS TTPOWC-
XOJAT C TOUYHO MOCTOSHHBIM [TEPUOIOM, HE3ABUCUMO OT aMILIUTY/IbI. 1Torja B ypaBHEHUU KO/IebaHuit
WUJIA SHEPTUU He JIOJIKHO OBbITh HUKAKUX MOIPABOK. DTa KpUBag — He mapabosia. XoTs Ha mapadosie

2 | HO KMHETHMYECKasl He TOYHO HPOIOPIMOHATILHA 42 , TaK KAK €CTh

noTeHnnaabHas sHeprusg U ~ x
ere BepTUKaIbHAs CKOpocTh. Ha 3Toit 3amade 1. Bepuysiun npomeMoHCTPUpPOBa MOIb3Y METO/IOB
HrroTona.

Hna kpusoit y = y(x) norenrnumanbhas sueprusg U = mgy. Beegem JiuHy BIOJb KPUBOit
5, TOrJa KMHeTHuYeckas suepruss mé2/2 rouno. Tpebyercs, 4ToObI BHITOIHAIACH TPOMOPIHOHAb-
HOCTH Y ~ 52 . IIOCKO/IbKY OKPY?KHOCTb ¥ MapaboJia He TOIsTCs, TOonpobyeM ruKonty. B napamer-

pudeckoii popme

y = R(1 — cosp) (omHoBpeMenHO 10 2R sin?(¢/2))
x = R(p +sinyp)

Huxknusist touka ¢ =0;  dr = R(1+cosp)dy, dy = Rsin@dp. Canraem 3/1eMeHT JJIMHBI JIyTH:

ds = \/dx? + dy? = R\/2(1 + cos ¢)dp = 2R cos(p/2)dy .

Hmna s = [ds = [2Rcos(p/2)dp = 4Rsin(p/2). Hdeiicreurensho, nonyuaercs y = s2/(8R).

YpaBuenne sHeprun
) 2
ms mgs
— + =F
2 S8R

2Bpoze He BUAHO, Iyie MBI OMHOINCHL. Ha caMoM fiejie He TOJILKO MEHSETCsS 4acToTa, HO U K OCHOBHOMY
KOJIEDAHUIO B TOM K€ MPUOIMKEHNN J00ABIAIOTCA ele 0oJjiee ObICTPhIE, C 9acTOTON, B JAHHOM CIydae, 3w .

HO3TOMy HETOYHOCTb HE YAUBUTE/IbHA.
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rounoe npu |s| < 4R . Hacrora konebanuit w = \/g/4R, nepuog T = 4w/ R/g, Bpemsi cocKaiib-
3BIBAHUS B HIDKHIOW TOUKy 1/2 =27\/R/g c sm060ii BbicOThI. Takyio KpUBYIO ONMUIIET I'PY3 HA

HEBECOMOM 006pyUe, «KaTaroleMcsy Mo MoToIKy (puc. 7.12).
Z

Puc. 7.12. Puc. 7.13.

7

[lepBbiM MagTHHKOBBIE dackl ocTpoma X. ['toiirernc (1629-1695) okosio 1657 . On e OTKPBLT
3aMedaTebHOE CBOMCTBO M30XPOHHOCTHU NMUKJIOUIAJBHOTO MAsITHUKA U MPEJIOKUT KOHCTPYKITHIO,
B KOTOPOii 9Ta ujaest ocymecrsiasgercss (puc. 7.13). Mexay nBymst «OpeBHaMU», CEYEHUST KOTOPBIX
obpaboTankl B (hopMe IMUKJION BBICOTHI 2R, MOMENaeTcs TOYKa TOABeCa MASTHWKA, IINHA HUTH
koroporo pasHa 4R. OxasbiBaercs (mompodyiiTe J0Ka3aTh CAaMOCTOATETHHO), UTO TIPU ITOM KOJIeH-
JTIOTIACS TPY3 IBUZKETCS TI0 MUKJIOUIE TOYHO TaKoii ke (popMmbr! CriemoBaTenbHO, MepUo, KoaebaHmit

TAKOTrO MasgTHUKA B TOYHOCTH OJMH M TOT JKe IMPH JI000i (a He TOJBKO MaJIoil) aMILmTyie’.

3Ha IIpaKTHUKE L[I/IKIIOI/I,H&IIBHBII'/,I MadATHUK HE HallleJI IMHUPOKOTO MPUMEHEHNA. ,ZprrI/Ie MyTHU TOBBITIEHUA

TOYHOCTH YaCOB OKA3AIHUCH OOee yIoOHbIMH.



